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Abstract
This is the first of a series of two technical papers devoted to the analysis of
holonomy invariants in strict higher gauge theory with end applications in higher
Chern–Simons theory. For a flat 2–connection, we define the 2-holonomy of sur-
face knots of arbitrary genus and determine its covariance properties under 1–
gauge transformation and change of base data.
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1 Introduction
One of the basic problems in 3–dimensional topology is the classification of
topologically distinct knots [1, 2]. Knots which can be smoothly deformed into
one other are topologically indistinguishable though they may appear completely
unlike upon superficial inspection. Knot invariants take the same value for all
topologically identical knots. Computing knot invariants, therefore, allows one to
ascertain whether two given knots are topologically distinct or not. If they have
different knot invariants, they are.
Ordinary Chern–Simons theory allows in principle the computation of knot
invariants using quantum field theory [3,4]. In this respect, it has been extraordi-
narily successful. A variety of methods have been devised, perturbative and non
perturbative as well, including large level asymptotics, canonical quantization
and reduction to random matrix integrals [5].
In topology, the problem of the classification of knots in 3 dimensions has
higher dimensional analogs. What is a higher knot? As ordinary knots are em-
beddings of the circle S1 into the 3–sphere S3, say, n–dimensional knots may
be defined as embeddings of the n–sphere Sn into the n + 2–sphere Sn+2. Ac-
tually this is only one of the possible generalization of the notion of knot. S1
is not only the lowest dimensional non trivial sphere, but it is also the only
compact 1–dimensional manifold without boundary. Thus, one may also define
n–dimensional knots as embeddings of a compact boundaryless n–fold X into
Sn+1. For X = Sn, the former more restrictive definition is recovered.
The problem is already quite involved for 2–dimensional knots [6, 7]. We
distinguish 2–knots, defined as embeddings of S2 into S4, and surface knots,
defined as embeddings of a compact surface S with no boundary into S4. Surface
knots can be classified according to the genus ℓS of S. 2–knots are just genus 0
surface knots. In this paper, we shall concentrate on surface knots.
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Given the success of ordinary Chern–Simons theory as a quantum field theo-
retic framework for the computation of ordinary knot invariants, it is conceivable
that higher dimensional versions of Chern–Simons theory may compute higher
knot invariants. In particular, a 4–dimensional Chern–Simons theory would be
required to deal with surface knot invariants. However, this already poses a prob-
lem. The higher dimensional analogs of plane Chern–Simons theory exist only in
odd dimensional spaces and are not guaranteed to do the job. In fact, alternative
approaches to the problem relying on BF theory instead have been developed [8].
There is by now a growing evidence that the incarnation of Chern–Simons the-
ory appropriate for higher knot theory may belong to the realm of higher gauge
theory [9, 10]. See refs. [11, 12] for a readable introduction to the subject and
refs. [13, 14] for a more comprehensive in depth treatment.
In refs. [15, 16], a higher gauge theoretic 4–dimensional Chern–Simons model
whose symmetry is encoded in a balanced cyclic 2–term L∞ algebra has been
constructed. The model resembles in many ways the usual Chern–Simons model,
but at the moment it is not clear whether it exists as a quantum field theory,
though there are some indications in this direction. It is a promising candidate
deserving further investigation.
In ordinary Chern–Simons theory, the field theoretic computation of knot
invariants involves the evaluation of traces of Wilson loops of the gauge field,
mathematically holonomies of the gauge connection, along knots in representa-
tions of the gauge group. In the present endeavour, we consider the corresponding
issue for surface knots in a strict higher gauge theory. The problem has two parts:
(a) the definition of surface holonomies and the study of the way they depend
on the choice of gauge and base data; (b) the definition of the appropriate notion
of trace for the gauge crossed module such to give surface knot invariants upon
application to surface holonomies. The first part is treated in the present work,
the second one in a companion paper [17].
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1.1 Scope and plan of the paper
The goal of the present paper is working out a rigorous definition of surface
knot holonomy in strict higher gauge theory that is suitable for a gauge theoretic
computation of surface knot invariants. In this subsection, we outline our results
with no pretence of mathematical rigour.
Early investigations on surface holonomy include refs. [8, 18]. Higher parallel
transport was studied in depth in refs. [19–28]. The problem of defining surface
holonomy was tackled already in refs. [24, 25] and, more recently, it has been
analyzed in refs. [29–32] from a variety of points of view.
To make the reader appreciate the import of our results, it is useful to re-
view first briefly knot holonomy in ordinary gauge theory. Consider a gauge
theory with gauge group G on a 3–fold M with a trivial principal G–bundle as
gauge background, the situation normally envisaged in Chern–Simons theory. A
connection, physically a gauge field, is then a g–valued 1–form θ.
Knots are closed embedded curves in M . As it turns out, knot holonomy is
defined for based knots, that is knots which begin and end at some point of M .
For this reason, at an initial level of analysis, it is natural to assume that M is
pointed by a distinguished point pM and restrict the analysis to knots based at
pM .
Given a flat connection θ, with each knot ξ in M there is associated its holon-
omy Fθ(ξ) ∈ G by a classical construction. The flatness of θ ensures that Fθ(ξ)
is invariant under smooth deformations of ξ which leave pM fixed.
A gauge transformation is a G–valued map g. Gauge transformations act on
connections. Under a gauge transformation g, the flat connection θ turns into
another one gθ. Correspondingly, the holonomy of a knot ξ transforms as
Fgθ(ξ) = g(pM)Fθ(ξ)g(pM)
−1. (1.1.1)
5
Of course, we do not want to commit ourselves with a final choice of pointing
ofM . Thus, at the next level of analysis, it is necessary to find out how holonomy
depends on the latter. Suppose that pM0, pM1 are two distinct pointings ofM such
that there exists a curve γ1 connecting pM0 to pM1. If ξ0, ξ1 are two knots based
at pM0, pM1, respectively, which can be smoothly deformed into one another, then
the holonomies Fθ(ξ0), Fθ(ξ1) satisfy
Fθ(ξ1) = Fθ(γ1)Fθ(ξ0)Fθ(γ1)
−1, (1.1.2)
where Fθ(γ1) ∈ G is the customary parallel transport along γ1.
In this paper, we propose a natural and physically intuitive extension of the
above simple holonomic framework to strict higher gauge theory capable of com-
puting holonomies of surface knots.
Consider a strict higher gauge theory with gauge crossed module (G,H) on
a 4–fold M with a trivial principal (G,H)–2–bundle as gauge background, the
situation presumably relevant in the appropriate higher gauge theoretic version
of 4–dimensional Chern–Simons theory. A 2–connection is now a doublet of a
g–valued 1–form θ and a h–valued 2–form Υ satisfying a certain compatibility
requirement known as zero fake curvature condition.
Analogously to common knots, surface knots are closed embedded surfaces
in M . Surface knot holonomy is defined for based surface knots of M , that is
knots whose independent non contractible loops, called characteristic knots, are
specified closed curves. For this reason, much as in the ordinary case, at an initial
level of analysis, it is natural to assume thatM is marked by a distinguished point
pM and a special set of closed curves ζMi based at pM and restrict to surface knots
whose characteristic knots equal the ζMi. There are conditions on the number
and type of the ζMi which have to be met. A non trivial feature of surface knot
theory is its requirement of a reference “trivial” surface knot. A comprehensive
treatment of surface knot theory is provided in subsects. 2.1–2.3.
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2–Connection doublets can be flat as ordinary connections. In subsect. 3.1,
we show that, given a flat 2–connection doublet (θ, Υ ), with each surface knot Ξ
in M of genus ℓΞ there are associated its surface holonomy Fθ,Υ (Ξ) ∈ H and the
holonomies Fθ(ζMi) ∈ G of its 2ℓΞ characteristic knots ζMi. The flatness of (θ, Υ )
ensures that Fθ,Υ (Ξ) and the Fθ(ζMi) are invariant under smooth deformations
of Ξi which leave pM and the ζMi fixed.
The surface holonomy of a surface knot Ξ belongs to the kernel of the target
morphism t of the crossed module (G,H)
t(Fθ,Υ (Ξ)) = 1H . (1.1.3)
Non trivial surface holonomy is thus possible only if the kernel of t is non trivial.
A 1–gauge transformation doublet consists ofG–valued map g and an h–valued
1–form J . 1–gauge transformation doublets act on 2–connection doublets. Under
a 1–gauge transformation (g, J), the flat 2–connection doublet (θ, Υ ) turns into
another one (g,Jθ, g,JΥ ). In subsect. 3.2, we show that the surface holonomy of a
surface knot Ξ and the holonomies of its characteristic knots ζMi correspondingly
transform as
Fg,Jθ,g,JΥ (Ξ) = m(g(pM))(Fθ,Υ (Ξ)), (1.1.4)
where m denotes the G–action morphism of the crossed module (G,H), and
Fg,Jθ(ζMi) = g(pM)t(Gg,J ;θ(ζMi))Fθ(ζMi)g(pM)
−1, (1.1.5)
where Gg,J ;θ(ζMi) ∈ H is an appropriately defined gauge holonomy of ζMi.
In subsect. 3.3, moving to the next level of analysis, we find out how surface
holonomy depends on the choice of the marking of M . Suppose that pM0, ζM0i,
pM1, ζM1i are two markings that can be smoothly deformed into one another,
so that there exist a curve γ1 joining pM0 to pM1 and, for each i, a surface Σi
stretching from ζM0i to ζM1i. If Ξ0, Ξ1 are two surface knots based at the ζM0i,
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ζM1i, respectively, related by the same deformation, then the surface holonomies
Fθ,Υ (Ξ0), Fθ,Υ (Ξ1) are related as
Fθ,Υ (Ξ1) = m(Fθ(γ1))(Fθ,Υ (Ξ0)), (1.1.6)
whilst the line holonomies Fθ(ζM0i), Fθ(ζM1i) accord as
Fθ(ζM1i) = Fθ(γ1)t(Fθ,Υ (Σi))Fθ(ζM0i)Fθ(γ1)
−1, (1.1.7)
where Fθ(γ1) ∈ G is the line parallel transport along γ1 and, for each i, Fθ,Υ (Σi) ∈
H is the surface parallel transport along Σi, all defined according to an appro-
priate higher gauge theoretic prescription.
1.2 Outlook
The results we have succinctly expounded above suggest a possible avenue for
the definition of surface knot invariants. In ordinary gauge theory, relations
(1.1.1) and (1.1.2) indicate that any construction of knot invariants out of knot
holonomies that is gauge and pointing choice independent can be achieved only
by conjugation invariant mappings χ : G→ T , where T is some set. An obvious
choice of χ are the characters of the representations R of G, trR. In strict higher
gauge theory, (1.1.1) and (1.1.2) are replaced by relations (1.1.5), (1.1.4) and
(1.1.7), (1.1.6), respectively. These show that, in order to obtain gauge and mark-
ing choice independent surface knot invariants out of surface knot holonomies, one
needs an extension of the notion of conjugation invariant mappings from groups
to crossed modules. This problem will be analyzed in the companion paper [17]
using the theory of higher quandles.
Acknowledgements. We thank E. Soncini for participating in the early stages of
this project and Dan Margalit for sharing with us his insight about mapping class
groups. We acknowledge financial support from INFN Research Agency.
8
2 Surface knot theory
In this section, the theory of knots is reviewed and that of surface knots
is thoroughly expounded. With the term “knot theory”, we do not mean the
topological theory of knots as detailed for instance in refs. [1,2] and, in the higher
case, in refs. [6, 7]. What we are to delineate is a formal framework capable of
associating with any knot a curve with sitting instants and, by extension, with
any surface knot a surface with sitting instants with natural properties [33]. The
definition and analysis of holonomy presented in the subsequent section, in fact,
work only for curves and surfaces with sitting instants. Only very basic notions
of the topological theory such as those of smooth embedding, smooth homotopy
and ambient isotopy will be invoked in the following inquiry.
Because of the nature of our approach we have just recalled, it is not required
anywhere that knots or surface knots have codimension 2 in the ambient manifold.
Therefore, we only assume that the dimension of the latter is sufficiently large
to allow for embeddings of the relevant types. The interesting applications, of
course, belong to the codimension 2 case.
2.1 Curves, surfaces and homotopy
In this subsection, we survey the basic notions of curves and surfaces and of
thin homotopy and homotopy thereof expressing them in a way that is suited
for higher parallel transport and holonomy theory. We do not stress however the
categorical aspects of the subject, though they are admittedly important. This
material is not original and is presented mainly to make this paper self–contained.
For this reason, we give no proof of the basic results.
As an introduction to the topic, we review first the familiar definitions of
curves and thin homotopy and homotopy thereof used in the formulation of par-
allel transport of ordinary gauge theory.
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Definition 2.1.1 Let p0, p1 be points of M . A curve γ : p0 → p1 of M with
sitting instants is a mapping γ ∈ Map(R,M) satisfying
γ(x) = p0 for x < ǫ, (2.1.1a)
γ(x) = p1 for x > 1− ǫ (2.1.1b)
for some ǫ > 0 with ǫ < 1/2 depending on γ. The curve γ is called closed if
p0 = p1. In such a case, γ is said based at p0.
All curves considered in this paper will be assumed to have sitting instants unless
otherwise stated.
Definition 2.1.2 Let p be a point of M . The unit curve ιp : p → p of p is the
curve defined by
ιp(x) = p. (2.1.2)
Let p0, p1 be points and γ : p0 → p1 be a curve of M . The inverse curve of γ is
the curve γ−1◦ : p1 → p0 given by
γ−1◦(x) = γ(1− x). (2.1.3)
Let p0, p1, p2 be points and γ1 : p0 → p1, γ2 : p1 → p2 be curves of M . The
composition of γ1, γ2 is the curve γ2 ◦ γ1 : p0 → p2 defined piecewise by
γ2 ◦ γ1(x) = γ1(2x) for x ≤ 1/2, (2.1.4a)
γ2 ◦ γ1(x) = γ2(2x− 1) for x ≥ 1/2. (2.1.4b)
In gauge theory, parallel transport along curves, especially in the form of
holonomy along closed curves, enjoys properties of homotopy invariance which
make it one of the basic elements of the gauge theoretic construction of knot
invariants. Homotopy plays therefore a fundamental role. It comes in two forms
which are defined next.
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Definition 2.1.3 Let p0, p1 be points and γ0, γ1 : p0 → p1 be curves. A thin
homotopy h : γ0 ⇒ γ1 is a mapping h ∈ Map(R
2,M) such that
h(x, y) = p0 for x < ǫ, (2.1.5a)
h(x, y) = p1 for x > 1− ǫ, (2.1.5b)
h(x, y) = γ0(x) for y < ǫ, (2.1.5c)
h(x, y) = γ1(x) for y > 1− ǫ (2.1.5d)
for some ǫ > 0 with ǫ < 1/2 and that
rank(dh(x, y)) ≤ 1. (2.1.6)
γ0, γ1 are called thin homotopy equivalent if there is thin homotopy h : γ0 ⇒ γ1.
If condition (2.1.6) is dropped, then h : γ0 ⇒ γ1 is called a homotopy and γ0, γ1
are called homotopy equivalent.
Let N , M be manifolds and let f : N → M be a map. We can left compose
by f curves γ and (thin) homotopies of curves h in N regarded as maps with
target N and obtain curves f ◦ γ and (thin) homotopies of curves f ◦ h in M as
established by the following proposition.
Proposition 2.1.1 Let p0, p1 be points and γ : p0 → p1 be a curve of N . Then,
f ◦ γ : f(p0)→ f(p1) is a curve of M , called the push–forward of γ by f .
Let p0, p1 be points and γ0, γ1 : p0 → p1 be curves of N . If h : γ0 ⇒ γ1 is a (thin)
homotopy in N , then f ◦ h : f ◦ γ0 ⇒ f ◦ γ1 is a (thin) homotopy in M , called
the push–forward of h by f .
Let Π1M be the set of all curves of a manifoldM . Def. 2.1.2 endows (M,Π1M)
with a pregroupoid structure, that is a set of operations of the kind that would be
required for (M,Π1M) to be a groupoid. As is well–known, however, (M,Π1M)
is not one, as invertibility and associativity fail to hold.
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It is readily verified that both thin homotopy and homotopy are equivalence re-
lations on Π1M compatible with the pregroupoid structure of (M,Π1M). Upon
replacing Π1M with the sets P1M and P
0
1M of all thin homotopy and homotopy
classes of curves of M , respectively, and equipping (M,P1M) and (M,P
0
1M)
with the pregroupoid structure induced by that of (M,Π1M), one obtains two
genuine groupoids (M,P1M) and (M,P
0
1M), called the path and the fundamen-
tal groupoids ofM , respectively. The content of these groupoids has the intuitive
diagrammatic representation
p1 p0
γ
oo , (2.1.7)
where γ is understood as a (thin) homotopy class of curves. (M,P1M), (M,P
0
1M)
enter in a basic way in the categorical theory of parallel transport. A formulation
along this lines has been developed in refs. [21–23], but lies outside the scope of
this paper.
The above constructions have a higher extension. To curves connecting pairs
of points, one adds surfaces stretching between pairs of curves with common
endpoints. We now review the definitions of curves, surfaces and thin homotopy
and homotopy thereof used in the formulation of higher parallel transport.
Definition 2.1.4 For any two points p0, p1 ofM , a curve γ : p0 → p1 with sitting
instants, in particular a closed one, is characterized as in def. 2.1.1.
Let p0, p1 be points and γ0, γ1 : p0 → p1 be curves of M . A surface Σ : γ0 ⇒ γ1
of M with sitting instants is a map Σ ∈ Map(R2,M) such that
Σ(x, y) = p0 for x < ǫ, (2.1.8a)
Σ(x, y) = p1 for x > 1− ǫ, (2.1.8b)
Σ(x, y) = γ0(x) for y < ǫ, (2.1.8c)
Σ(x, y) = γ1(x) for y > 1− ǫ (2.1.8d)
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for some ǫ > 0 with ǫ < 1/2 depending on γ0, γ1, Σ. The surface Σ is called
closed if γ0 = γ1. In such a case, Σ is said to be based at γ0.
As with curves, all surfaces considered in this paper will be assumed to have
sitting instants unless otherwise stated.
Definition 2.1.5 For a point p of M , the unit curve ιp : p → p of p is defined
as in (2.1.2). For points p0, p1 and a curve γ : p0 → p1 of M , the inverse
curve γ−1◦ : p1 → p0 is defined as in (2.1.3). For points p0, p1, p2 and curves
γ1 : p0 → p1, γ2 : p1 → p2 of M , the composed curve γ2 ◦ γ1 : p0 → p2 is defined
as in (2.1.4).
Let p0, p1 be points and γ : p0 → p1 be a curve of M . The unit surface Iγ : γ ⇒ γ
of γ is the surface given by
Iγ(x, y) = γ(x). (2.1.9)
Let p0, p1 be points, γ0, γ1 : p0 → p1 be curves and Σ : γ0 ⇒ γ1 be a surface of M .
The vertical inverse of Σ is the surface Σ−1• : γ1 ⇒ γ0
Σ−1•(x, y) = Σ(x, 1− y). (2.1.10)
Let p0, p1 be points, γ0, γ1, γ2 : p0 → p1 be curves and Σ1 : γ0 ⇒ γ1, Σ2 : γ1 ⇒ γ2
be surfaces of M . The vertical composition of Σ1, Σ2 is the surface Σ2 • Σ1 :
γ0 ⇒ γ2 defined piecewise by
Σ2 •Σ1(x, y) = Σ1(x, 2y) for y ≤ 1/2, (2.1.11a)
Σ2 •Σ1(x, y) = Σ2(x, 2y − 1) for y ≥ 1/2. (2.1.11b)
Let p0, p1 be points, γ0, γ1 : p0 → p1 be curves and Σ : γ0 ⇒ γ1 be a surface of M .
The horizontal inverse of Σ is the surface Σ−1◦ : γ0
−1◦ ⇒ γ1
−1◦
Σ−1◦(x, y) = Σ(1− x, y). (2.1.12)
13
Let p0, p1, p2 be points, γ0, γ1 : p0 → p1, γ2, γ3 : p1 → p2 be curves and Σ1 : γ0 ⇒
γ1, Σ2 : γ2 ⇒ γ3 be surfaces of M . The horizontal composition of Σ1, Σ2 is the
surface Σ2 ◦Σ1 : γ2 ◦ γ0 ⇒ γ3 ◦ γ1 given piecewise by
Σ2 ◦Σ1(x, y) = Σ1(2x, y) for x ≤ 1/2, (2.1.13a)
Σ2 ◦Σ1(x, y) = Σ2(2x− 1, y) for x ≥ 1/2. (2.1.13b)
In higher gauge theory, analogously to the ordinary one, higher parallel trans-
port along curves and surfaces, in particular holonomy along closed curves and
surfaces, enjoys properties of homotopy invariance which make it a candidate as
one of the basic elements of the higher gauge theoretic construction of surface
knot invariants, which is the main goal of the present paper. Again, therefore,
homotopy plays a fundamental role. Again, it comes in two forms which are
defined next.
Definition 2.1.6 For any two points p0, p1 and curves γ0, γ1 : p0 → p1 of M ,
a thin homotopy h : γ0 ⇒ γ1 and the thin homotopy equivalence of γ0, γ1 are
characterized as in def. 2.1.3.
Let p0, p1 be points, γ0, γ1, γ2, γ3 : p0 → p1 be curves and Σ0 : γ0 ⇒ γ1, Σ1 :
γ2 ⇒ γ3 be surfaces of M . A thin homotopy of H : Σ0 ⇛ Σ1 is a mapping
H ∈ Map(R3,M) such that
H(x, y, z) = p0 for x < ǫ, (2.1.14a)
H(x, y, z) = p1 for x > 1− ǫ, (2.1.14b)
H(x, y, z) = H(x, 0, z) for y < ǫ, (2.1.14c)
H(x, y, z) = H(x, 1, z) for y > 1− ǫ, (2.1.14d)
H(x, y, z) = Σ0(x, y) for z < ǫ, (2.1.14e)
H(x, y, z) = Σ1(x, y) for z > 1− ǫ (2.1.14f)
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for some ǫ > 0 with ǫ < 1/2 and that
rank(dH(x, 0, z)), rank(dH(x, 1, z)) ≤ 1, (2.1.15a)
rank(dH(x, y, z)) ≤ 2. (2.1.15b)
Σ0, Σ1 are called thin homotopy equivalent if there is a thin homotopy H : Σ0 ⇛
Σ1. If condition (2.1.15b) is not imposed, then H : Σ0 ⇛ Σ1 is called a homotopy
and Σ0, Σ1 are called homotopy equivalent.
We note that condition (2.1.15a) implies that the source curves γ0, γ2 of Σ0, Σ1
are thin homotopy equivalent, and similarly the target ones γ1, γ3.
Let N , M be manifolds and let f : N → M be a map. We can left compose
by f curves γ, surfaces Σ, thin homotopies of curves h and (thin) homotopies of
surfaces H in N regarded as maps with target N and obtain curves f ◦γ, surfaces
f ◦Σ, thin homotopies of curves f ◦ h and (thin) homotopies of surfaces f ◦H in
M . This is detailed in the following proposition.
Proposition 2.1.2 The statements of prop. 2.1.1 about curves and homotopies
of curves continue to hold with the exclusion of those concerning non thin homo-
topies.
Let p0, p1 be points, γ0, γ1 : p0 → p1 be curves and Σ : γ0 ⇒ γ1 be a surface of N .
Then, f ◦Σ : f ◦ γ0 ⇒ f ◦ γ1 is a surface of M , the push–forward of Σ by f .
Let p0, p1 be points, γ0, γ1, γ2, γ3 : p0 → p1 be curves and Σ0 : γ0 ⇒ γ1, Σ1 : γ2 ⇒
γ3 be surfaces of N . If H : Σ0 ⇛ Σ1 is a (thin) homotopy of surfaces in N , then
f ◦H : f ◦Σ0 ⇛ f ◦Σ1 is a (thin) homotopy in M , called the push-forward of H
by f .
Let Π1M , Π2M be the sets of all curves and surfaces of M , respectively.
Def. 2.1.5 endows (M,Π1M,Π2M) with a 2–pregroupoid structure, that is a set
of operations of the kind that would be required for (M,Π1M,Π2M) to be a
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groupoid. Analogously to the ordinary case, (M,Π1M,Π2M) is not one however,
as invertibility and associativity fail to hold both for curves and surfaces in the
vertical as well as the horizontal variants.
Thin homotopy of curves and (thin) homotopy of surfaces are equivalence rela-
tions on Π1M , Π2M , respectively, compatible with the 2–pregroupoid structure
of (M,Π1M,Π2M). Upon replacing Π1M with the set P1M of all thin homotopy
classes of curves and Π2M with the sets of thin homotopy and homotopy classes of
surfaces, respectively, and equipping (M,P1M,P2M) and (M,P1M,P
0
2M) with
the 2–pregroupoid structure induced by that of (M,Π1M,Π2M), one obtains two
genuine 2–groupoids (M,P1M,P2M) and (M,P1M,P
0
2M), called the path and
the fundamental 2–groupoid ofM , respectively. The content of these 2–groupoids
has the intuitive diagrammatic representation
p1 p0
γ1
ee
γ0
{{
Σ  (2.1.16)
where γ0, γ1 are understood as thin homotopy classes of curves and Σ as a (thin)
homotopy class of surfaces. In [21–23], the categorical theory of higher parallel
transport based on (M,P1M,P2M), (M,P1M,P
0
2M) has been worked out, but
we shall not rely on it in this paper.
2.2 2–knots and their associated surfaces
In this subsection, we shall study how one can describe higher knots in a way
suitable for higher gauge theory.
In what follows, the terms curves and surfaces will be always used with the
meaning stated in defs. 2.1.1, 2.1.4 unless otherwise stated. Curves and surfaces
understood as topological/differentiable 1– and 2–dimensional manifolds will be
called topological/differentiable curves and surfaces, respectively.
Before proceeding to the study of knots, it is necessary to recall a few basic
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notions of differential topology.
Definition 2.2.1 Let M , N be manifolds and let f0, f1 : N → M be maps. A
homotopy h of f0, f1 with sitting instants is a smooth family hu : N → M , u ∈ R,
of maps such that
hu = f0 for u < ǫ, (2.2.1a)
hu = f1 for u > 1− ǫ, (2.2.1b)
for some number ǫ with 0 < ǫ < 1/2. The maps f0, f1 are called homotopic when
they are related by a homotopy. If f0, f1 and the hu are all embeddings, then h
is called an isotopy and f0, f1 are called isotopic.
Manifolds and maps and manifolds and maps up to homotopy form categories.
There is a stronger notion of homotopy, called ambient isotopy.
Definition 2.2.2 Let M , N be manifolds and let f0, f1 : N → M be maps. An
ambient isotopy of f0, f1 with sitting instants is a smooth family Fu, u ∈ R, of
autodiffeomorphisms of M with the property that
Fu = idM for u < ǫ, (2.2.2a)
Fu = F1 for u > 1− ǫ, (2.2.2b)
for some number ǫ with 0 < ǫ < 1/2 and that
f1 = F1 ◦ f0. (2.2.3)
The maps f0, f1 are called ambient isotopic when they are related by an ambient
isotopy.
The requirement that homotopies and isotopies have sitting instants is not
necessary strictly speaking. We have introduced it for the sake of a more uni-
form formulation. All homotopies and isotopies considered in this paper will be
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assumed to have sitting instants unless otherwise stated.
We provide next a formulation of ordinary knot theory based on the smooth
set–up of subsect. 2.1. Proceeding along the same lines, we shall then construct
a full–fledged formulation of surface knot theory relying on the same framework.
Let C be an oriented differentiable closed curve, that is a circle.
Definition 2.2.3 A pointing of C consists in a distinguished point pC of C.
Below, we shall assume that C is equipped with a fixed pointing.
Definition 2.2.4 A free C–knot ξ of M is an embedding ξ : C →M .
The image ξ(C) of a free C–knot ξ is a differentiable closed curve in M with the
orientation induced by that of C via the embedding. The image of ξ should not
be confused with ξ itself.
Ambient isotopy of free C–knots is defined in the obvious fashion.
Definition 2.2.5 Two free C–knot ξ0, ξ1 of M are ambient isotopic if they are
as embeddings of C into M .
So, if F is the ambient isotopy transforming ξ0 into ξ1, then
ξ1 = F1 ◦ ξ0. (2.2.4)
Ambient isotopy of free C–knots is an equivalence relation. We denote the set of
all ambient isotopy classes of free C–knots by KnotFC(M).
The basic constructions with knots we are going to introduce work for based
knots. This requires that a C–pointing on the target manifold M be given.
Definition 2.2.6 A manifold M is called C–pointed, if a distinguished point pM
of M is specified.
In common parlance, M is called pointed. Clearly, C itself is C–pointed.
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Definition 2.2.7 Let M , N be C–pointed manifolds and let f : N → M be a
map. f is said to be C–pointing preserving if
f(pN) = pM . (2.2.5)
In usual terms, f is a pointed map. One defines in analogous fashion C–pointing
preserving diffeomorphisms, autodiffeomorphisms etc.
Definition 2.2.8 Let M , N be C–pointed manifolds and let f0, f1 : N → M be
C–pointing preserving maps. A C–pointing preserving homotopy h of f0, f1 is
an ordinary homotopy of f0, f1 such that the maps hy : N → M , y ∈ R, are all
C–pointing preserving,
hy(pN) = pM . (2.2.6)
The C–pointing preserving maps f0, f1 are called homotopic, if they are related
by a C–pointing preserving homotopy. If f0, f1 and the hy are all embeddings, h
is called a C–pointing preserving isotopy and f0, f1 are said isotopic.
C–pointed manifolds and C–pointing preserving maps form a category. C–
pointed manifolds and C–pointing preserving maps up to C–pointing preserving
homotopy constitute also a category.
Definition 2.2.9 Let M , N be C–pointed manifolds and let f0, f1 : N → M be
C–pointing preserving maps. A C–pointing preserving ambient isotopy of f0, f1
is an ordinary ambient isotopy of f0, f1 such that the autodiffeomorphisms Fy,
y ∈ R, are all C–pointing preserving,
Fy(pM) = pM . (2.2.7)
The C–pointing preserving maps f0, f1 are called ambient isotopic, if they are
related by an C–pointing preserving ambient isotopy.
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Given a C–pointed manifold M , we can define C–knots.
Definition 2.2.10 A C–knot ofM in the C–pointed manifoldM is a C–pointing
preserving embedding ξ : C → M .
A C–knot ξ is thus based in that
ξ(pC) = pM . (2.2.8)
A C–knot ξ is also a free C–knot, if one forgets the C–pointing ofM . Conversely,
a free C–knot ξ is secretly a C–knot belonging to the C–pointing pM = ξ(pC) of
M . We note that idC is a C–knot of C, called tautological C–knot.
We want to identify knots related by an appropriate form of ambient isotopy.
Definition 2.2.11 Two C–knot ξ0, ξ1 in the C–pointed manifold M are ambi-
ent isotopic if they are as embeddings of C into M via a C–pointing preserving
ambient isotopy.
If two C–knots are ambient isotopic, they also are as free C–knots. The converse
is clearly generally false. Ambient isotopy of C–knots is an equivalence relation.
We denote by KnotC(M) the set of all ambient isotopy classes of C–knots.
We shall now describe knots in terms of curves and (thin) homotopy thereof
(cf. subsect. 2.1).
Definition 2.2.12 A curve γC of C is said to be compatible with the pointing of
C, if γC : pC → pC and IC = γC
−1(C \ pC) is an open interval of R such that
γC
∣∣
IC
is an orientation preserving diffeomorphism onto C \ pC.
It γC is compatible, then
γC(x) = pC for x < ǫ, (2.2.9a)
γC(x) = pC for x > 1− ǫ, (2.2.9b)
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for some number ǫ with 0 < ǫ < 1/2, by (2.1.1). Further, the interval IC is con-
tained in the open interval (ǫ, 1−ǫ) and γC
∣∣
IC
provides a one–to-one parametriza-
tion of C \ pC consistent with its orientation.
Fix a curve γC of C compatible with the pointing of C. Given a C–knot ξ,
one can push–forward the curve γC : pC → pC of C by the map ξ : C → M
yielding a curve ξ ◦ γC : pM → pM of M .
Definition 2.2.13 For a C–knot ξ, let γξ : pM → pM be the curve of M
γξ = ξ ◦ γC. (2.2.10)
By (2.2.9a), (2.2.9b), γξ satisfies
γξ(x) = pM for x < ǫ, (2.2.11a)
γξ(x) = pM for x > 1− ǫ, (2.2.11b)
for the same number ǫ as in (2.2.9). Further, by the compatibility of γC , γξ
∣∣
IC
furnishes a one–to-one parametrization of ξ(C) \ pM consistent with its orienta-
tion. We notice also that the curve γC is nothing but the curve γidC of C of the
tautological C–knot idC .
The curve γξ associated with a C–knot ξ enjoys several properties of invariance
up to (thin) homotopy.
Proposition 2.2.1 For any C–knot ξ of M , the curve γξ is independent from
the choice of the compatible curve γC of C up to thin homotopy.
Proof. Fix an oriented differentiable universal covering C˜ of C with orientation
preserving covering map ̟C : C˜ → C.
Let γC be a curve of C compatible with the pointing of C. Since γC is a map
γC : R → C with a simply connected domain, there is a lifting map γ˜C : R→ C˜
such that ̟C ◦ γ˜C = γC unique up to left composition by orientation preserving
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deck diffeomorphisms of C˜. The compatibility of γC (cf. def. 2.2.12) implies
further that there is an open subset F˜C of C˜ with the following properties. First,
F˜C is the interior of a simply connected fundamental domain of the universal
covering C˜. Second, γ˜C is a map of R onto F˜C and γ˜C
∣∣
IC
is an orientation pre-
serving diffeomorphism of IC onto F˜C . Third, ̟C
∣∣
F˜C
is an orientation preserving
diffeomorphism of F˜C onto the image of γC
∣∣
IC
. The fact that γC expresses a curve
γC : pC → pC implies then that γ˜C similarly expresses a curve γ˜C : p˜C → p˜C
′,
where p˜C , p˜C
′ are points of C˜ such that ̟(P˜C) = ̟C(p˜C
′) = pC . As F˜C can be
taken independent from γC by the deck symmetry, p˜C , p˜C
′ also can.
Concretely, modelling C as R/Z, C˜ as R and ̟C as the quotient map of R
modulo Z and taking p˜C = 0, p˜C
′ = 1, we can think of γ˜C as a surjective map
γ˜C : R→ [0, 1] that is strictly increasing on IC .
Let γC0, γC1 be two curves of C compatible with the pointing of C. Let γ˜C0,
γ˜C1 be the curves of C˜ lifting γC0, γC1, respectively. From the remarks of the
previous paragraph, it follows that there is a map h˜ : R2 → C˜ satisfying conditions
(2.1.5) with p0 = p˜C , p1 = p˜C
′ and γ0 = γC0, γ1 = γC1. By mere dimensional
reasons, condition (2.1.6) is fulfilled as well. Hence, h˜ is a thin homotopy of γ˜C0,
γ˜C1. So, h = ̟C ◦ h˜ : R
2 → C is a thin homotopy of γC0, γC1.
As γC0, γC1 are thin homotopic, for any C–knot ξ, ξ ◦ γC0, ξ ◦ γC1 also are.
The statement follows. 
Ambient isotopic C–knots yield homotopic curves, as it is natural.
Proposition 2.2.2 If two C–knots ξ0, ξ1 of M are ambient isotopic, then there
exists a homotopy h : γξ0 ⇒ γξ1.
Proof. Let Fy, y ∈ R, be a C–pointing preserving ambient isotopy relating the
knots ξ0, ξ1. Define a map h : R
2 →M by
h(x, y) = Fy ◦ γξ0(x). (2.2.12)
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Using relations (2.2.11) together with (2.2.2) and (2.2.4), it is readily checked
that h satisfies the relations (2.1.5) with p0 = p1 = pM and γ0 = γξ0 , γ1 = γξ1 . It
follows that (2.2.12) defines a homotopy h : γξ0 ⇒ γξ1. 
As a consequence, the curve γξ depends only on the ambient isotopy class of the
knot ξ up to homotopy and the map ξ → γξ descends to one from KnotC(M) to
set of the curves of M mod homotopy.
So far, we have considered C–knots belonging to a fixed C–pointing of M .
In view of topological applications, it is however necessary to compare C–knots
belonging to possibly distinct C–pointings. As before, these knots will be topo-
logically equivalent if they are ambient isotopic. Since C–pointing preservation
is now necessarily violated, the form of ambient isotopy involved here is more
general than the one considered up to this point. We call it free for to comply
with customary terminology. Prop. 2.2.2 extends also to freely ambient isotopic
C–knots in a form which we shall make precise next.
When several C–pointings pM0, pM1, . . . of M are given, we shall denote the
C–pointed manifold M by M0, M1, . . . and shall call the C–knots ξ of M as
C–knots of M0, M1, . . ., respectively.
Suppose we are given two possibly distinct C–pointings pM0, pM1 of M .
Definition 2.2.14 Two C–knots ξ0, ξ1 of M0, M1, respectively, are called freely
ambient isotopic if they are related by an ambient isotopy W .
We stress that, when the pointings are equal, free ambient isotopy does not reduce
to ambient isotopy, since it is not required to be C–pointing preserving.
We consider now two C–knots ξ0, ξ1 of M0, M1, respectively, which are freely
ambient isotopic. If W is the underlying connecting ambient isotopy, ξ0, ξ1 are
then related by definition as
ξ1 = W1 ◦ ξ0. (2.2.13)
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In virtue of (2.2.8), pM0, pM1 are related accordingly,
pM1 = W1(pM0). (2.2.14)
These relations suggest using the isotopy W to construct a smooth family pMy
of C–pointings interpolating pM0, pM1 and a smooth family ξy of C–knots of My
interpolating ξ0, ξ1. To carry this out, we pick a non decreasing smooth function
α : R → [0, 1] such that α(u) = 0 for u < ǫ and α(u) = 1 for u > 1 − ǫ, where
0 < ǫ < 1/2 such that the (2.2.9) hold.
Definition 2.2.15 For y ∈ R, let pMy be the C–pointing of M given by
pMy = Wα(y)(pM0). (2.2.15)
We note that pMy = pM0 for y < ǫ and pMy = pM1 for y > 1− ǫ, where pM0 and
pM1 are the two given C–pointings.
Definition 2.2.16 For y ∈ R, let ξy be the C–knot of My given by
ξy = Wα(y) ◦ ξ0. (2.2.16)
Property (2.2.8) is immediately checked. We note that ξy = ξ0 for y < ǫ and
ξy = ξ1 for y > 1− ǫ, where here ξ0 and ξ1 stand for the two given knots.
Using the interpolating setup just introduced, one can prove the following
proposition.
Proposition 2.2.3 Let ξ0, ξ1 be C–knots of M0, M1, respectively. Assume fur-
ther that ξ0, ξ1 are freely ambient isotopic. Then, there are a curve γ1 : pM0 →
pM1 of M and a homotopy h : γξ0 ⇒ γ1
−1◦ ◦ γξ1 ◦ γ1.
As composition of curves is non associative, in a multiple composition of curves we
have to fix the sequential order in which the single compositions are performed.
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Here and in the following, we tacitly apply the “compose the rightmost first”
convention: we compose first the rightmost and next to rightmost curve, then
the result with the next to next to rightmost curve and so on. Any other choice
of convention leads to a curve that is thin homotopic to the one obtained in this
way.
Proof. As y varies, the point pMy traces a differentiable curve in M . Conjoined
with this is a family of curves γy : pM0 → pMy of M given by
γy(x) = Wα(x)α(y)(pM0). (2.2.17)
This has the property that γy = ιpM0 for y < ǫ and γy = γ1 for y > 1− ǫ.
With the C–knot ξy, there is associated the curve γξy according to (2.2.10).
By composing successively the curves γy : pM0 → pMy, γξy : pMy → pMy and
γy
−1◦ : pMy → pM0, we obtain a curve γ̂ξy : pM0 → pM0, viz
γ̂ξy = γy
−1◦ ◦ γξy ◦ γy. (2.2.18)
For continuously varying y, the curve γ̂ξy shifts from the curve γ̂ξ0 to that γ̂ξ1
yielding a homotopy ĥ : γ̂ξ0 ⇒ γ̂ξ1. Indeed, as a map ĥ : R
2 → M , ĥ is given by
ĥ(x, y) = γ̂ξy(x). (2.2.19)
By the properties of the curves γξy and γy and (2.2.19), it is evident that ĥ is
smooth and it is readily verified that ĥ satisfies the (2.1.5) with p0 = p1 = pM0,
γ0 = γ̂ξ0, γ1 = γ̂ξ1 and perhaps a different value of ǫ.
By (2.2.18), the source and target curves of ĥ explicitly are γ̂ξ0 = ιpM0
−1◦ ◦
γξ0 ◦ ιpM0 and γ̂ξ1 = γ1
−1◦ ◦ γξ1 ◦ γ1. Since ιpM0
−1◦ ◦ γξ0 ◦ ιpM0 is thin homotopic to
γξ0 itself, ĥ induces a homotopy h : γξ0 ⇒ γ1
−1◦ ◦ γξ1 ◦ γ1. 
Since a free C–knot ξ is a C–knot belonging to the C–pointing ξ(pC) of M ,
we can construct the associated curve γξ : ξ(pC)→ ξ(pC) as detailed above.
The curve γξ of a free C–knot ξ depends on the the pointing pC of C, which
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up to this point we have tacitly assumed to be fixed, while ξ as a mere embedding
of C into M does not. Of course, there are infinitely many choices of pC and any
particular one is merely conventional. To be natural, our construction should be
independent from the choice made in a suitable sense. The following analysis is
in order.
When several pointings pC0, pC1, . . . of C are envisaged, we shall denote C by
C0, C1, . . ., call a target C–pointed manifoldM a C0–, C1–, . . . pointed manifold
and the C–knots ξ it supports C0–, C1–, . . . knots, respectively, to indicate which
pointing of C is referred to.
Suppose that two pointings pC0 and pC1 of C are given and that the manifold
M is C0– and C1– pointed by pM0, pM1, respectively. Suppose further that ξ
is simultaneously a C0–knot of M0 and a C1–knot of M1. The natural question
arises about the relation between the curves γ0ξ, γ1ξ associated with ξ in the two
pointings. The following proposition provides a simple answer to it.
Proposition 2.2.4 If ξ is at the same time a C0–knot of M0 and a C1–knot of
M1, then there are a curve γ1 : pM0 → pM1 of M and a thin homotopy h : γ0ξ ⇒
γ1
−1◦ ◦ γ1ξ ◦ γ1, both with image contained in that of ξ.
Proof. To build the curves γ0ξ, γ1ξ, compatible curves γC0, γC1 of C0, C1, respec-
tively, must be picked. By prop. 2.2.1, γ0ξ, γ1ξ are independent from the choice of
γC0, γC1 up to thin homotopy. This allows us to assume a convenient relationship
between γC0, γC1. We choose γC0, γC1 satisfying γC1 = f ◦ γC0, where f is an
orientation preserving autodiffeomorphism of C such that pC1 = f(pC0).
The composition ξ◦f is a C0–knot ofM1. Since C is the circle manifold which
has no isotopically non trivial orientation preserving autodiffeomorphisms, the
autodiffeomorphisms f is necessarily isotopic to idC . There is thus an orientation
preserving isotopy ky, y ∈ R, deforming idC into f . The composition ξ◦ky defines
then an isotopy of the C0–knots ξ and ξ ◦ f . By the isotopy extension theorem,
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there is an ambient isotopy Wy, y ∈ R, of ξ and ξ ◦ f such that Wy ◦ ξ = ξ ◦ ky.
The C0–knots ξ, ξ ◦ f are thus freely ambient isotopic.
By prop. 2.2.3 with ξ0 = ξ, ξ1 = ξ ◦ f , there is then a homotopy h : γ0ξ ⇒
γ1
−1◦ ◦ γ0ξ◦f ◦ γ1, where γ1 : pM0 → pM1 is a curve of M . By (2.2.10), as
γC1 = f ◦ γC0, γ1ξ = γ0ξ◦f . The above is thus also a homotopy h : γ0ξ ⇒
γ1
−1◦ ◦ γ1ξ ◦ γ1. As explained in the proof of prop. 2.2.3, the homotopy h is the
composition of the standard thin homotopy γ0ξ ⇒ ιpM0
−1◦ ◦ γ0ξ ◦ ιpM0 and the
homotopy ĥ : ιpM0
−1◦ ◦ γ0ξ ◦ ιpM0 ⇒ γ1
−1◦ ◦ γ1ξ ◦ γ1 defined by (2.2.18), (2.2.19),
here with γξy replaced by γ0ξy . The curves γy and γ0ξy entering in (2.2.18) are
given by (2.2.16), (2.2.17), where W is the free ambient isotopy introduced in the
previous paragraph. Since Wy ◦ ξ = ξ ◦ ky, we have γy(x) = Wα(x)α(y)(ξ(pC0)) =
ξ(kα(x)α(y)(pC0)) and γ0ξy(x) = Wα(y)(ξ(γC0(x))) = ξ(kα(y)(γC0(x))). Thus, the
images of γy and γ0ξy are contained in that of ξ. As this latter is a differentiable
curve inM , ĥ satisfies (2.1.6) for dimensional reasons. ĥ is hence a thin homotopy.
It follows that h is a thin homotopy. By the above property of the curves γy, γ0ξy ,
the images of the curve γ1 and homotopy h lie in that of the knot ξ. 
Inspired by the theory of ordinary knots expounded above, we are now ready
to formulate its extension to surface knots.
To construct surface knot theory, we need a slight generalization of the notion
of (free) C–knot given above which does not require full smoothness.
Assume that C is endowed with a pointing pC .
Definition 2.2.17 A spiky free C–knot of M is a topological embedding ξ : C →
M that is smooth on C \ pC and has the following properties.
1. The jets of any order of ξ have finite limits at both ends of C \ pC.
2. The jet of order 1 of ξ has non zero limits at both ends of C \ pC.
The regularity conditions at pC ensure that ξ has a well defined tangent vector
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at each end of C \ pC and that with ξ there can be associated a curve γξ of M
as for a C–knot. Every free C–knot is also a spiky free C–knot, while not every
spiky free C–knot is a free C–knot.
Suppose now that the manifold M is C–pointed by pM .
Definition 2.2.18 A spiky C–knot ofM is a C–pointing preservation topological
embedding ξ : C → M satisfying the same regularity conditions as a spiky free
C–knot.
The property of C pointing preservation has again the statement (2.2.8). Com-
pare with def. 2.2.10. Every C–knot is also a spiky C–knot, while not every spiky
C–knot is a C–knot.
Let γC be a curve of C compatible with the pointing of C (cf. def. 2.2.12).
Definition 2.2.19 For a spiky C–knot ξ of M , let γξ : pM → pM be the curve of
M defined by (2.2.10).
Compare with def. 2.2.13. The curve γξ of a spiky C–knot enjoys the same
properties as that of a C–knot. In particular, the (2.2.11) hold.
Let S be an oriented differentiable closed surface of genus ℓS, that is a sphere
with ℓS handles.
Definition 2.2.20 A marking of S consists of:
1. a C–pointing pS of S;
2. 2ℓS spiky C–knots ζSi of S with the following properties.
3. The sets ζSi(C) pairwise intersect only at pS.
4. The ζSi represent the 2ℓS homotopy classes of the standard oriented a– and
b–cycles of S.
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b pSξS1 ξS2
ηS1 ηS2
S
Figure 1: The surface S with the C–knots ξSr, ηSr shown. Here, ℓS = 2.
For a given index i, the knot ζSi will be denoted also as ξSr or ηSr according to
whether it corresponds to the r–th a– or b–cycle, respectively. See. fig. 1. For
ℓS = 0, the ζSi are absent. Below, we assume that S is equipped with a marking
fixed once and for all.
Definition 2.2.21 A free S–surface knot Ξ of M is an embedding Ξ : S → M .
The image of Ξ(S) of a free S–surface knot Ξ is a differentiable closed surface of
M with the orientation induced by that of S via the embedding. The image of
Ξ should not be confused with Ξ itself.
Ambient isotopy of free S–surface knots is defined in the obvious fashion.
Definition 2.2.22 Two free S–surface knot Ξ0, Ξ1 of M are ambient isotopic if
they are as embeddings of S into M .
Hence, if F is the ambient isotopy transforming Ξ0 into Ξ1, then
Ξ1 = F1 ◦ Ξ0. (2.2.20)
Ambient isotopy of free S–surface knots is an equivalence relation. We denote
the set of all ambient isotopy classes of free S–surface knots by KnotFS(M).
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Definition 2.2.23 For any free S–surface knot Ξ, the spiky free C–knots
ζSi
∗Ξ = Ξ ◦ ζSi (2.2.21)
are called the characteristic C–knots of Ξ.
Ambient isotopic surface knots have ambient isotopic characteristic C–knots.
Proposition 2.2.5 Let Ξ0, Ξ1 be two ambient isotopic free S–surface knots of
M . Then, their characteristic C–knots ζSi
∗Ξ0, ζSi
∗Ξ1 are ambient isotopic.
Proof. This is an immediate consequence of (2.2.20) and (2.2.21). 
If F is the ambient isotopy turning Ξ0 into Ξ1, then
ζSi
∗Ξ1 = F1 ◦ ζSi
∗Ξ0. (2.2.22)
As for ordinary knots, the basic constructions with surface knots we are going
to introduce work for based surface knots.
Definition 2.2.24 A manifold M is said S–marked when the following data are
specified:
1. a C–pointing pM of M ;
2. 2ℓS spiky C–knots ζMi of M with the following property.
3. The sets ζMi(C) pairwise intersect only at pM .
For a given index i, the knot ζMi will be denoted also as ξMr or ηMr according to
whether the knot ζSi equals ξSr or ηSr in S as detailed above, respectively. For
ℓS = 0, the knots ζMi are absent. Note that the differentiable surface S itself is
S–marked.
Definition 2.2.25 Let M , N be S–marked manifolds and let f : N → M be a
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map. f is said S–marking preserving if
f(pN) = pM , (2.2.23a)
f ◦ ζNi = ζMi. (2.2.23b)
One defines analogously S–marking preserving diffeomorphisms, autodiffeomor-
phisms etc. For ℓS > 0, (2.2.23a) follows from (2.2.23b) upon evaluation at pC .
By (2.2.23a), f is C–pointing preserving.
Definition 2.2.26 Let M , N be S–marked manifolds and let f0, f1 : N → M
be S–marking preserving maps. An S–marking preserving homotopy h of f0, f1
is an ordinary homotopy of f0, f1 such that the maps hz : N → M , z ∈ R, are
all S–marking preserving,
hz(pN ) = pM , (2.2.24a)
hz ◦ ζNi = ζMi. (2.2.24b)
The S–marking preserving maps f0, f1 are said homotopic when they are related
by S–marking preserving homotopy. If f0, f1 and the hz are all embeddings, then
h is called an S–marking preserving isotopy and f0, f1 are said isotopic.
S–marked manifolds and S–marking preserving maps form a category. S–marked
manifolds and S–marking preserving maps up to S–marking preserving homotopy
constitute also a category.
Definition 2.2.27 Let M , N be S–marked manifolds and let f0, f1 : N → M
be S–marking preserving maps. An S–marking preserving ambient isotopy of f0,
f1 is an ordinary ambient isotopy of f0, f1 such that the autodiffeomorphisms Fz,
z ∈ R, are all S–marking preserving ,
Fz(pM) = pM , (2.2.25a)
Fz ◦ ζMi = ζMi. (2.2.25b)
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The S–marking preserving maps f0, f1 are said ambient isotopic when they are
related by an S–marking preserving ambient isotopy.
Given an S–marked manifold M , we can define S–surface knots, which are a
higher analogue of ordinary based knots.
Definition 2.2.28 An S–surface knot in the S–marked manifold M is an S–
marking preserving embedding Ξ : S →M .
A S–surface knot Ξ is based in that
Ξ(pS) = pM , (2.2.26a)
Ξ ◦ ζSi = ζMi. (2.2.26b)
An S–surface knot Ξ is also a free S–surface knot, if one forgets the S–marking of
M . Conversely, a free S–surface knot Ξ is secretly an S–surface knot belonging
to the S–marking {pM = Ξ(pS), ζMi = ζSi
∗Ξ} of M . idS is an S–surface knot of
S, the tautological S–surface knot.
Clearly, by (2.2.26b), the characteristic C–knots ζSi
∗Ξ of an S–surface knots
Ξ belonging an S–marking of M {pM , ζMi} of M belong to the C–pointing pM
of M and are equal to ζMi.
It is important to stress that, while an S–marking of M of genus ℓS = 0
always supports S–surface knots, for a given S–marking of M of genus ℓS > 0,
there may exist no S–surface knots at all, as in the latter case, for generic C–knots
ζMi, (2.2.26b) may be incompatible with the ζSi representing the 2ℓS homotopy
classes of the standard oriented a– and b–cycles of S and Ξ being an embedding
of S inM . By contrast, for every C–pointing, there always are C–knots belonging
to it.
Definition 2.2.29 An S–marking ofM is called admissible if there exists at least
one S–surface knot.
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All S–markings considered in the following will be tacitly assumed to be admis-
sible unless otherwise stated.
We want to identify surface knots related by an appropriate form of ambient
isotopy, which we define next.
Definition 2.2.30 Two S–surface knot Ξ0, Ξ1 in the S–marked manifold M
are ambient isotopic if they are as embeddings of S into M via an S–marking
preserving ambient isotopy.
Ambient isotopy of S–surface knots is an equivalence relation. We denote by
KnotS(M) the set of all ambient isotopy classes of S–surface knots.
Let us now see whether it is possible to describe surface knots using curves,
surfaces and (thin) homotopy thereof (cf. subsect. 2.1).
To begin with, we fix a curve γC of C compatible with the pointing of C to
construct the curves associated with spiky C–knots.
The curves of the spiky C–knots of the marking of S are constructed according
the prescription (2.2.10). We have
γSi = γζSi (2.2.27)
Correspondingly, we set
αSr = γξSr , βSr = γηSr , (2.2.28)
when we sort the knots ζSi according to their correspondence to the a– and b–
cycles of S. Next, we now define a curve τS : pS → pS of S by
τS = βSℓS
−1◦ ◦ αSℓS
−1◦ ◦ βSℓS ◦ αSℓS ◦ · · · ◦ βS1
−1◦ ◦ αS1
−1◦ ◦ βS1 ◦ αS1 (2.2.29)
(cf. fig. 2). The “compose the rightmost first” convention for multiple composi-
tion of curves is tacitly applied here and in the following. When ℓS = 0, we set
conventionally that τS = ιpS .
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Definition 2.2.31 A surface ΣS is said to be compatible with the marking of
S, if ΣS : ιpS ⇒ τS and DS = ΣS
−1(S \ ∪iζSi(C)) is an open simply connected
domain of R2 such that ΣS
∣∣
DS
is an orientation preserving diffeomorphism onto
S \ ∪iζSi(C).
If ΣS is compatible, then
ΣS(x, y) = pS for x < ǫ, (2.2.30a)
ΣS(x, y) = pS for x > 1− ǫ, (2.2.30b)
ΣS(x, y) = pS for y < ǫ, (2.2.30c)
ΣS(x, y) = τS(x) for y > 1− ǫ (2.2.30d)
for some number ǫ with 0 < ǫ < 1/2, by (2.1.8a)–(2.1.8d), where we used that
ιpS(x) = pS. Further, the domain DS is contained in the open square (ǫ, 1 − ǫ)
2
and ΣS
∣∣
DS
provides a one–to-one parametrization of S \∪iζSi(C) consistent with
its orientation.
It is important to realize that, in high genus, the choice of a compatible surface
ξS1
ηS1
ηS1
−1
ξS1
−1
ηS2
ξS2
ξS2
−1
ηS2
−1
pS
pS
pS
pS
pS
pS
pS
pS
Figure 2: The surface S unfolds upon being cut along the C–knots ξSr, ηSr. Here,
ℓS = 2.
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ΣS of S involves a prior choice of a compatible curve γC of C.
Definition 2.2.32 A choice of a surface ΣS of S compatible with the marking
of S is said congruent with one of a curve γC of C compatible with the pointing
of C if either ℓS = 0 or ℓS > 0 and τS is expressed by (2.2.29) with the curves
αSr, βSr defined through (2.2.10) and (2.2.28) in terms of γC.
Fix a surface ΣS of S compatible with the marking of S and congruent with
the chosen compatible curve γC . Below, we shall tacitly assume that the value of
the number ǫ appearing in the (2.2.9) and (2.2.30) has been adjusted so that the
(2.2.9) and (2.2.30) simultaneously hold.
Next, we construct the curves of the spiky C–knots ζMi of the S–marked
manifold M using again the prescription (2.2.10). We set
γMi = γζMi (2.2.31)
Correspondingly, we set
αMr = γξMr , βMr = γηMr , (2.2.32)
when we sort the knots ζMi according to their correspondence to the a– and
b–cycles of S. We can define in this way a curve τM : pM → pM of M by
τM = βMℓS
−1◦ ◦αMℓS
−1◦ ◦βMℓS ◦αMℓS ◦· · ·◦βM1
−1◦ ◦αM1
−1◦ ◦βM1◦αM1. (2.2.33)
When ℓS = 0, τM = ιpM . τM clearly answers to τS and indeed it reduces to this
latter when M is the S–marked manifold S.
Given an S–surface knot Ξ of M , one can push–forward the surface ΣS : ιpS
⇒ τS of S by the map Ξ : S → M . Since
τM = Ξ ◦ τS (2.2.34)
by (2.2.26b), we get a surface Ξ ◦ΣS : ιpM ⇒ τM of M .
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Definition 2.2.33 For an S–surface knot Ξ, let ΣΞ : ιpM ⇒ τM be the surface
of M defined as
ΣΞ = Ξ ◦ΣS. (2.2.35)
By (2.1.8a)–(2.1.8d), we have
ΣΞ(x, y) = pM for x < ǫ, (2.2.36a)
ΣΞ(x, y) = pM for x > 1− ǫ, (2.2.36b)
ΣΞ(x, y) = pM for y < ǫ, (2.2.36c)
ΣΞ(x, y) = τM (x) for y > 1− ǫ (2.2.36d)
for the same number ǫ as in (2.2.30), where we used that ιpM (x) = pM . Further,
by the compatibility of ΣS, ΣΞ
∣∣
DS
furnishes a one–to-one parametrization of
Ξ(S) \ ∪iζMi(C) consistent with its orientation. We note also that the surface
ΣS is just the surface ΣidS of S associated with the tautological S–knot idS.
At first glance, it would seem that the surface naturally associated with an
S–surface knot Ξ should be ΣΞ , since this appears to be the obvious counterpart
of the curve γξ associated with a C–knot ξ. Things are however a bit subtler and
the reason why they are so is ultimately related to the end goal of the present
construction, the use of flat connection holonomy and its homotopy invariance to
study knot topology.
In ordinary knot theory, the curve γξ associated with a C–knot ξ encodes the
topological properties of ξ. It so provides also a measure of its non triviality. A
generic C–knot ξ is non trivial to the extent to which its curve γξ differs from the
curve γM = γξM of a reference knot ξM , that is trivial according to topological
knot theory. A measure of the triviality of ξ is then provided by the curve ratio
γ♯ξ = γM
−1◦ ◦ γξ.
Every C–pointing of M supports a canonical topologically trivial C–knot
unique up to C–pointing preserving ambient isotopy, the unknot ξM , which is
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characterized by its image being the boundary of an embedded 2–dimensional
disk. The curve γM = γξM associated with ξM is so equipped with a trivializing
C–pointing preserving homotopy kM : γM ⇒ ιpM . For a C–knot ξ, the curve γ
♯
ξ
measuring its non triviality is thus homotopy equivalent to ιpM
−1◦ ◦ γξ through
kM and then to γξ by the standard thin homotopy ιpM
−1◦ ◦ γξ ⇒ γξ. For the
purpose of an evaluation of the non triviality of ξ, γξ is hence as good as γ
♯
ξ.
Let us now examine to what extent the above consideration extend to higher
knots. In surface knot theory, analogously to ordinary knot theory, the surface
ΣΞ associated with an S–surface knot Ξ encodes the topological properties of Ξ .
It so provides also a measure of its non triviality. A generic S–surface knot Ξ
is non trivial inasmuch as its surface ΣΞ differs from the surface ΣM = ΣΞM of
a reference knot ΞM , that is trivial according to some topological knot theoretic
principle. A measure of the triviality of Ξ is then provided by the surface vertical
ratio Σ♯Ξ = ΣM
−1• •ΣΞ .
For genus ℓS = 0, every S–marking of M supports a canonical topologically
trivial S–surface knot unique up to S–marking preserving ambient isotopy, the
unknot ΞM , which is characterized by its image being the boundary of an em-
bedded 3–dimensional disk. The surface ΣM = ΣΞM associated with ΞM is so
equipped with a trivializing S–marking preserving homotopy KM : ΣM ⇛ IιpM .
For an S–surface knot Ξ , the surface Σ♯Ξ measuring its non triviality is thus
homotopy equivalent to IιpM
−1• • ΣΞ through KM and then to ΣΞ by the stan-
dard thin homotopy IιpM
−1• •ΣΞ ⇛ ΣΞ . For the purpose of an evaluation of the
non triviality of Ξ , ΣΞ is hence as good as Σ
♯
Ξ . For genus ℓS > 0, the above
reasoning fails because the homotopy KM no longer exists in general, as it is
topological obstructed. In that case, for a given S–marking of M , the explicit
indication of a reference S–surface knot ΞM is then an indispensable element of
the construction. The surface Σ♯Ξ rather than ΣΞ then adequately describes the
non triviality of Ξ . This is why we shall concentrate on Σ♯Ξ in the following.
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The encoding the topology of the S–surface knots Ξ in the surfaces Σ♯Ξ will
be natural only if there is a well defined topological prescription that associates
with any S–marking of M a reference topologically trivial S–surface knot ΞM
unique up to S–marking preserving ambient isotopy. As we cannot prove this in
general, we shall assume it as a working hypothesis. Many of the results reported
below, however, do not hinge on it.
Definition 2.2.34 For an S–surface knot Ξ, let Σ♯Ξ : ιpM ⇒ ιpM be the surface
of M defined by
Σ♯Ξ = ΣM
−1• •ΣΞ , (2.2.37)
where ΣM = ΣΞM .
Since ΣΞ , ΣM : ιpM ⇒ τM , the composition is well defined and has ιpM as source
and target curves. By (2.1.8a)–(2.1.8d), we have
Σ♯Ξ(x, y) = pM for x < ǫ, (2.2.38a)
Σ♯Ξ(x, y) = pM for x > 1− ǫ, (2.2.38b)
Σ♯Ξ(x, y) = pM for y < ǫ, (2.2.38c)
Σ♯Ξ(x, y) = pM for y > 1− ǫ (2.2.38d)
for the same number ǫ as in (2.2.30), where we used that ιpM (x) = pM . In the
following, we shall call Σ♯Ξ the normalized surface associated to Ξ to distinguish
it from the unnormalized surface ΣΞ .
On account of def. 2.2.23, the characteristic C–knots ζSi
∗Ξ of an S–surface
knot Ξ have an obvious description as curves of M .
Definition 2.2.35 Let Ξ be an S–surface knot of M . Let γζSi∗Ξ : pM → pM be
the curves of M defined as
γζSi∗Ξ = γMi. (2.2.39)
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The surface Σ♯Ξ and the curves γζSi∗Ξ associated with an S–surface knot Ξ
and its characteristic C–knots ζSi
∗Ξ enjoy several properties of invariance up to
(thin) homotopy.
Proposition 2.2.6 For any S–surface knot Ξ of M , the surface Σ♯Ξ is inde-
pendent from the choice of the compatible curve γC of C and surface ΣS of S
congruent with it up to thin homotopy.
Proof. Suppose first that the genus ℓS > 0. Fix an oriented differentiable universal
covering S˜ of S with orientation preserving covering map ̟S : S˜ → S.
Let γC be a curve of C compatible with the pointing of C and ΣS be a surface
of S compatible with the marking of S congruent with γC (cf. def. 2.2.32).
Since ΣS : R
2 → S is a map with a simply connected domain, there is a lifting
map Σ˜S : R
2 → S˜ such that ̟S ◦ Σ˜S = ΣS unique up to left composition
by orientation preserving deck diffeomorphisms of S˜. The compatibility of ΣS
(cf. def. 2.2.31) implies further that there is an open set F˜S of S˜ with the
following properties. First, F˜S is the interior of a simply connected fundamental
domain of the covering S˜. Second, Σ˜S is a map of R
2 onto F˜ S and Σ˜S
∣∣
DS
is
an orientation preserving diffeomorphism of DS onto F˜S. Third, ̟S
∣∣
F˜S
is an
orientation preserving diffeomorphism of F˜S onto the image of ΣS
∣∣
DS
. The fact
that ΣS expresses a surface ΣS : ιpS ⇒ τS of S implies then that Σ˜S expresses
similarly a surface Σ˜S : ιp˜S ⇒ τ˜S of S˜, where p˜S and τ˜S are respectively a point
and a curve of S˜ such that ̟S(p˜S) = pS and ̟S ◦ τ˜S = τS . Since F˜S can be
considered to be independent from γC and ΣS by the deck symmetry, p˜S and the
image of τ˜S also are. τ˜S itself, instead, is independent from γC only up to thin
homotopy. Indeed, reasoning as in the proof of prop. 2.2.1, it is found that the
curves αSr, βSr composing τS according to (2.2.29) and consequently τS itself are
independent from the choice of γC only up to thin homotopy. As it is simple to
see, also τ˜S then is.
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Modelling S as A/G, S˜ as A and ̟S as the quotient map of A/G, where A
and G are respectively R2 and a lattice Λ of R2 for ℓS = 1 and the unit disk
D2 and a Fuchsian group Γ for ℓS ≥ 2, we can think of Σ˜S as a surjective map
Σ˜S : R
2 → F2 onto a closed set F2 of R
2 mapping DS diffeomorphically and
orientation preservingly onto F2. Relatedly, we can think of τ˜S as a surjective
map τ˜S : R→ ∂F2.
Let γC0, γC1 be two curves of C compatible with the pointing of C and ΣS0,
ΣS1 be two surfaces of S compatible with the marking of S congruent with γC0,
γC1, respectively. Let Σ˜S0, Σ˜S1 be the surfaces of S˜ lifting respectively ΣS0, ΣS1.
From the remarks of the previous paragraph, on account of the thin homotopy
of τ˜S0, τ˜S1, there is a map h˜ : R
2 → S˜ satisfying conditions (2.1.5) with p0 =
p˜S, p1 = p˜S and γ0 = τ˜S0, γ1 = τ˜S1 and (2.1.6). Further, there is a map a
map H˜ : R3 → S˜ fulfilling conditions (2.1.14) with p0 = p1 = p˜S, H˜(x, 0, z) =
p˜S, H˜(x, 1, z) = h˜(x, z) and Σ0 = Σ˜S0, Σ1 = Σ˜S1. Since rank(dh˜(x, z)) ≤ 1,
conditions (2.1.15a) are also fulfilled. By mere dimensional reasons, condition
(2.1.15b) is fulfilled as well. Thus, H˜ is a thin homotopy of Σ˜S0, Σ˜S1. It follows
immediately that H = ̟S ◦ H˜ : R
3 → S is a thin homotopy of ΣS0, ΣS1.
As ΣS0, ΣS1 are thin homotopic, for any S–surface knot Ξ , Ξ ◦ΣS0, Ξ ◦ΣS1
also are. In particular, ΞM ◦ΣS0, ΞM ◦ΣS1 are. Thus, both ΣΞ and ΣM = ΣΞM
are independent from the choice of ΣS up to thin homotopy. By (2.2.37) and the
fact thin homotopy of surfaces is preserved by vertical composition, we conclude
that Σ♯Ξ is independent from the choice of ΣS up to thin homotopy.
The proof can be extended straightforwardly to the genus ℓS = 0 case as
follows, where consistency of the chosen compatible surface ΣS of S with a given
compatible curve γC of C is no longer an issue. For ℓS = 0, S is the usual
differentiable sphere, which be identified with the one point compactification
R
2 ∪∞ of R2 via the stereographic projection. Given any two surfaces ΣS0, ΣS1
of S compatible with the marking of S, we can find a thin homotopy H of ΣS0,
40
ΣS1 relying on the projection We conclude then again that Σ
♯
Ξ is independent
from the choice of ΣS up to thin homotopy for any S–surface knot Ξ . 
Suppose that we are given two choices ΞM0, ΞM1 of the reference S–surface
knot. For any S–surface knot Ξ , let Σ♯Ξ|0, Σ
♯
Ξ|1 be the normalized surfaces
associated with Ξ according to (2.2.37) with ΞM = ΞM0, ΞM1, respectively.
Proposition 2.2.7 If the reference S–surface knots ΞM0, ΞM1 are ambient iso-
topic, then there is a homotopy HM
♯ : Σ♯Ξ|0 ⇛ Σ
♯
Ξ|1 for any S–surface knot
Ξ.
Proof. Let FMz, z ∈ R, be an S–marking preserving ambient isotopy relating the
knots ΞM0, ΞM1. Define a map HM : R
3 →M by
HM(x, y, z) = FMz ◦ΣΞM0(x, y). (2.2.40)
Using relations (2.2.36) together with (2.2.2), (2.2.20) and (2.2.25), it is readily
checked that HM satisfies the relations (2.1.14) with p0 = p1 = pM and Σ0 =
ΣΞM0 , Σ1 = ΣΞM1 for some value of ǫ. From (2.2.25a), (2.2.25b) and (2.2.33),
it is checked further that HM(x, 0, z) = ιpM (x), HM(x, 1, z) = τM(x), so that
conditions (2.1.15a) are satisfied too. It follows that (2.2.41) defines a homotopy
HM : ΣM0 ⇛ ΣM1, where ΣM0 = ΣΞM0 , ΣM1 = ΣΞM1 . Given an S–surface knot
Ξ , this induces a homotopy HM
♯ : Σ♯Ξ|0 ⇛ Σ
♯
Ξ|1 on account of (2.2.37). 
The normalized surfaces of ambient isotopic S–surface knots are homotopic.
Proposition 2.2.8 If two S–surface knots Ξ0, Ξ1 of M are ambient isotopic,
then there exists a homotopy H♯ : Σ♯Ξ0 ⇛ Σ
♯
Ξ1.
Proof. Let Fz, z ∈ R, be an S–marking preserving ambient isotopy relating the
knots Ξ0, Ξ1. Define a map H : R
3 →M by
H(x, y, z) = Fz ◦ΣΞ0(x, y). (2.2.41)
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Reasoning in the same way as in the proof of prop. 2.2.7, one finds that (2.2.41)
defines a homotopy H : ΣΞ0 ⇛ ΣΞ1 . This induces a homotopy H
♯ : Σ♯Ξ0 ⇛ Σ
♯
Ξ1
on account of (2.2.37). The statement is so shown. 
As a consequence, the surface Σ♯Ξ depends only on the ambient isotopy class
of the knot Ξ up to homotopy and the map Ξ → Σ♯Ξ descends to one from
KnotS(M) to the set of surfaces of M mod homotopy.
We consider now the curves γζSi∗Ξ associated with the characteristic C–knots
ζSi
∗Ξ of an S–surface knot Ξ .
Proposition 2.2.9 For any S–surface knot Ξ of M , the curves γζSi∗Ξ are inde-
pendent from the choice of the compatible curve γC up to thin homotopy.
See def 2.2.13, eq. (2.2.10).
Proof. The proof is essentially identical to that of prop. 2.2.1. 
The following proposition is an important though obvious remark.
Proposition 2.2.10 If two S–surface knots Ξ0, Ξ1 of M are ambient isotopic,
then γζSi∗Ξ1 = γζSi∗Ξ0
Proof. This follows trivially from (2.2.39). 
Until now, we have considered S–surface knots belonging to a fixed S–marking
ofM . Analogously to C–knots, in topological applications it is necessary to com-
pare S–surface knots belonging to possibly distinct S–markings. Again, these
knots will be topologically equivalent if they are ambient isotopic. Since S–
marking preservation is now necessarily broken, the form of ambient isotopy
involved here is more general than the one considered earlier. We call it free
in keeping with ordinary knot terminology. Prop. 2.2.8 extends also to freely
ambient isotopic S–surface knots in a form which we shall make precise next.
When several S–markings {pM0, ζM0i}, {pM1, ζM1i}, . . . of M are given, we
shall denote the S–marked manifold M by M0, M1, . . . and shall call the S–
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surface knots Ξ of M as S–surface knots of M0, M1, . . ., respectively.
Suppose that two possibly distinct S–markings {pM0, ζM0i}, {pM1, ζM1i} ofM
are given.
Definition 2.2.36 Two S–surface knots Ξ0, Ξ1 of M0, M1, respectively, are
called freely ambient isotopic if they are related by an ambient isotopy W .
As for C–knots, when the markings are equal, free ambient isotopy does not
reduce to ambient isotopy, since S–marking preservation is not required.
We consider now two S–surface knots Ξ0, Ξ1 of M0, M1, respectively, which
are freely ambient isotopic. If W is the underlying connecting ambient isotopy,
Ξ0, Ξ1 are then related as
Ξ1 = W1 ◦ Ξ0. (2.2.42)
In virtue of (2.2.26), {pM0, ζM0i}, {pM1, ζM1i} are connected accordingly,
pM1 = W1(pM0), (2.2.43a)
ζM1i = W1 ◦ ζM0i. (2.2.43b)
These relations suggest using the isotopy W to construct a smooth family {pMz,
ζMzi} of S–markings interpolating {pM0, ζM0i}, {pM1, ζM1i} and a smooth family
Ξz of S–surface knots of Mz interpolating Ξ0, Ξ1. To this end, we pick again a
non decreasing smooth function α : R → [0, 1] with the property that α(u) = 0
for u < ǫ and α(u) = 1 for u > 1 − ǫ, where 0 < ǫ < 1/2 such that the (2.2.9)
and (2.2.30) simultaneously hold.
Definition 2.2.37 For z ∈ R, let {pMz, ζMzi} be the S–marking of M given by
pMz = Wα(z)(pM0), (2.2.44a)
ζMzi = Wα(z) ◦ ζM0i. (2.2.44b)
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We note that pMz = pM0, ζMzi = ζM0i for z < ǫ and pMz = pM1, ζMzi = ζM1i for
z > 1− ǫ, where {pM0, ζM0i} and {pM1, ζM1i} are the two given S–markings.
Definition 2.2.38 For z ∈ R, let Ξz be the S–surface knot of Mz given by
Ξz = Wα(z) ◦ Ξ0. (2.2.45)
Properties (2.2.26) are immediately checked. We note that Ξz = Ξ0 for z < ǫ
and Ξz = Ξ1 for z > 1− ǫ, where Ξ0 and Ξ1 stand for the given surface knots.
On account of def. 2.2.23 and (2.2.43b), the characteristic C–knots ζSi
∗Ξ0,
ζSi
∗Ξ1 of Ξ0, Ξ1 are related as
ζSi
∗Ξ1 = W1 ◦ ζSi
∗Ξ0. (2.2.46)
Furthermore, by (2.2.44b), the characteristic C–knots ζSi
∗Ξz of Ξz smoothly
interpolate between ζSi
∗Ξ0, ζSi
∗Ξ1,
ζSi
∗Ξz = Wα(z) ◦ ζSi
∗Ξ0. (2.2.47)
Clearly, ζSi
∗Ξz = ζSi
∗Ξ0 for z < ǫ and ζSi
∗Ξz = ζSi
∗Ξ1 for z > 1 − ǫ, ζSi
∗Ξ0,
ζSi
∗Ξ1 being precisely the characteristic C–knots of Ξ0, Ξ1.
In view of (2.2.37), the comparison of the normalized surfaces Σ♯Ξ0 , Σ
♯
Ξ1 of
two S–surface knots Ξ0, Ξ1 of M0, M1, respectively, which are freely ambient
isotopic is meaningful only provided the underlying reference S–surface knots
ΞM0, ΞM1 of M0, M1 are also freely ambient isotopic and the ambient isotopy of
Ξ0, Ξ1 is suitably compatible with that of ΞM0, ΞM1.
To the above end, the notion of concordance is apt.
Definition 2.2.39 Let X be a manifold S–marked by {pX , ζXi}. Two smooth
families Fz, Gz, z ∈ R, of autodiffeomorphisms of X are called concordant on the
S–marking if Fz(pX) = Gz(pX) and Fz ◦ ζXi = Gz ◦ ζXi for all z.
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For genus lS > 0, the condition of concordance on pX actually follows from that
on the ζXi upon evaluation at pC . We assume now that the reference S–surface
knots ΞM0, ΞM1 are freely ambient isotopic and that the S–surface knots Ξ0,
Ξ1 are freely ambient isotopic with the underlying isotopy concordant with that
of ΞM0, ΞM1 on {pM0, ζM0i}. Stated explicitly, ΞM0, ΞM1 are related by an
ambient isotopy WM and Ξ0, Ξ1 are related by an ambient isotopy W such that
Wz(pM0) = WMz(pM0) and Wz ◦ ζM0i = WMz ◦ ζM0i for all z. In this way, for
each z, the interpolating S–markings {pMz, ζMzi} of M constructed according to
(2.2.44) are the same for WM and W . Moreover, the reference surface knots ΞMz
interpolating ΞM0, ΞM1 and the surface knots Ξz interpolating Ξ0, Ξ1 built via
(2.2.45) using WM and W , respectively, are both S–surface knots of Mz. Out
of ΞMz, Ξz, using (2.2.35) and (2.2.37), we can then build a smooth family of
normalized surfaces Σ♯Ξz interpolating Σ
♯
Ξ0 , Σ
♯
Ξ1 .
Using the interpolating setup constructed above, one can prove the following
proposition.
Proposition 2.2.11 Assume that the reference S–surface knots ΞM0, ΞM1 of
M0. M1, respectively, are freely ambient isotopic. Let Ξ0, Ξ1 be S–surface knots
of M0. M1, respectively. Assume that Ξ0, Ξ1 are freely ambient isotopic through
an isotopy concordant with that of ΞM0, ΞM1 on {pM0, ζM0i}. Then, there are a
curve γ1 : pM0 → pM1 of M and a homotopy H : Σ
♯
Ξ0 ⇛ Iγ1
−1◦ ◦Σ♯Ξ1 ◦ Iγ1 .
Here and below, the “compose the rightmost first” convention is extended to
multiple horizontal composition of surfaces.
Proof. As z varies, the point pMz traces a differentiable curve in M . Since pMz is
by itself a C pointing, this is described by the family of curves γz : pM0 → pMz
defined by (2.2.17) and enjoying the same properties. The ambient isotopies
Wz, WMz connecting Ξ0 to Ξ1 and ΞM0 to ΞM1, respectively, can be employed
indifferently in (2.2.17), as these are concordant on {pM0, ζM0i} by assumption.
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With the S–surface knot Ξz, there is associated the surface Σ
♯
Ξz according
to (2.2.37). By successively composing the curves γz : pM0 → pMz, ιpMz , : pMz →
pMz and γz
−1◦ : pMz → pM0, we obtain a curve ι̂pMz : pM0 → pM0,
ι̂pMz = γz
−1◦ ◦ ιpMz ◦ γz. (2.2.48)
By successively horizontally composing the surfaces Iγz : γz ⇒ γz, Σ
♯
Ξz : ιpMz ⇒
ιpMz and Iγz
−1◦ : γz
−1◦ ⇒ γz
−1◦ , we obtain then a surface Σ̂♯Ξz : ι̂pMz ⇒ ι̂pMz ,
Σ̂♯Ξz = Iγz
−1◦ ◦Σ♯Ξz ◦ Iγz . (2.2.49)
For continuously varying z, the surface Σ̂♯Ξz shifts from the surface Σ̂
♯
Ξ0 to
that Σ̂♯Ξ1 yielding a homotopy Ĥ : Σ̂
♯
Ξ0 ⇛ Σ̂
♯
Ξ1 . Indeed, viewed as a map
Ĥ : R3 →M , Ĥ is given by
Ĥ(x, y, z) = Σ̂♯Ξz(x, y). (2.2.50)
By the properties of the curves ιpMz and γz and the surfaces ΣΞz , ΣMz and
(2.2.50), it is evident that Ĥ is smooth. It is readily verified that Ĥ satisfies the
(2.1.14) with p0 = p1 = pM0, Σ0 = Σ̂
♯
Ξ0 , Σ1 = Σ̂
♯
Ξ1 and perhaps a different
value of ǫ. We notice next that Ĥ(x, 0, z) = Ĥ(x, 1, z) = ι̂pMz(x). Here, ι̂pMz is
given by the composition (2.2.48), whose factors γz, ιpMz have the property that
dxγz(x), dzγz(x) are mutually proportional, by (2.2.17), and that dxιpMz(x) = 0,
by (2.1.2). It follows that (2.1.15a) also holds.
By (2.2.49), the source and target surfaces of Ĥ explicitly are Σ̂♯Ξ0 = IιpM0
−1◦◦
Σ♯Ξ0 ◦ IιpM0 and Σ̂
♯
Ξ1 = Iγ1
−1◦ ◦ Σ♯Ξ1 ◦ Iγ1 . Since IιpM0
−1◦ ◦ Σ♯Ξ0 ◦ IιpM0 is thin
homotopic to Σ♯Ξ0, Ĥ induces a homotopy H : Σ
♯
Ξ0 ⇛ Iγ1
−1◦ ◦Σ♯Ξ1 ◦ Iγ1 . 
Our last task is the comparison of the curves γζSi∗Ξ0 , γζSi∗Ξ1 of the character-
istic C–knots ζSi
∗Ξ0, ζSi
∗Ξ1 of two freely ambient isotopic S–surface knots Ξ0,
Ξ1.
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Proposition 2.2.12 Let Ξ0, Ξ1 be S–surface knots of M0, M1, respectively. As-
sume further that Ξ0, Ξ1 are freely ambient isotopic. Then, there are a curve
γ1 : pM0 → pM1 and 2ℓS homotopies hi : γζSi∗Ξ0 ⇒ γ1
−1◦ ◦ γζSi∗Ξ1 ◦ γ1. Further,
γ1 can be taken to be be the same curve as that indicated in prop. 2.2.11 under
the hypotheses of this latter.
Proof. Fix i = 1, . . . , 2ℓS. As z varies, the knots ζMzi trace 2ℓS differentiable
surfaces in M . These are described by the families of curves γMzi : pMz → pMz
associated to the S–markings {pMz, ζMzi} according to (2.2.31). The expected
properties are verified: γMzi = γM0i for z < ǫ, γMzi = γM1i for z > 1− ǫ.
With the ambient isotopy W connecting Ξ0 to Ξ1, there is attached again the
family of curves γz defined by expression (2.2.17) as in the proof of prop. 2.2.11.
By composing successively the curves γz : pM0 → pMz, γMzi : pMz → pMz and
γz
−1◦ : pMz → pM0, we obtain the curves γ̂Mzi : pM0 → pM0
γ̂Mzi = γz
−1◦ ◦ γMzi ◦ γz (2.2.51)
For continuously varying z, the curve γ̂Mzi shifts from the curve γ̂M0i to that
γ̂M1i giving a homotopy of these latter. To see this, define ĥi : R
2 → M by
ĥi(x, y) = γ̂Myi(x). (2.2.52)
By the properties of the curves γMzi and γz and (2.2.52), it is evident that ĥi is
smooth and it is readily verified that ĥi satisfies the (2.1.5) with p0 = p1 = pM0,
γ0 = γ̂M0i, γ1 = γ̂M1i for some value of ǫ. So, (2.2.52) defines a homotopy
ĥi : γ̂M0i ⇒ γ̂M1i.
By (2.2.51), the source and target curves of ĥi are γ̂M0i = ιpM0
−1◦ ◦γM0i ◦ ιpM0
and γ̂M1i = γ1
−1◦ ◦ γM1i ◦ γ1. As ιpM0
−1◦ ◦ γM0i ◦ ιpM0 is thin homotopic γM0i, the
homotopy ĥi induces a homotopy hi : γM0i ⇒ γ1
−1◦ ◦ γM1i ◦ γ1. Recalling that
according to (2.2.39) γζSi∗Ξz = γMzi, we conclude that the statement holds. 
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As a free S–surface knot Ξ is an S–surface knot belonging to the S–marking
{Ξ(pS), ζSi
∗Ξ} of M , we can construct the associated normalized surface Σ♯Ξ :
ιΞ(pS) ⇒ ιΞ(pS) and 2ℓS curves γζSi∗Ξ : Ξ(pS) → Ξ(pS) as detailed above. The
definition of Σ♯Ξ involves a reference S–surface knot of {Ξ(pS), ζSi
∗Ξ}.
Definition 2.2.40 For a free S–surface knot Ξ, the reference S–surface knot
ΞMΞ of the S–marking {Ξ(pS), ζSi
∗Ξ} is said concomitant to Ξ.
Unlike for an S–surface knot Ξ , for which the reference S–surface knot ΞM is
a datum, for a free S–surface knot Ξ , the concomitant reference S–surface knot
ΞMΞ is dependent on Ξ . Under our working hypothesis, it is determined by Ξ
up to S–marking preserving ambient isotopy.
The surface Σ♯Ξ and the curves γζSi∗Ξ of a free S–surface knot Ξ depend on
the the marking {pS, ζSi} of S, which up to now we have tacitly assumed to be
fixed, while Ξ as a mere embedding of S into M does not. Of course, there are
infinitely many choices of {pS, ζSi} and any particular one is merely conventional.
To be natural, our construction should be independent from the choice made in
a suitable sense. Let us see how.
When several markings {pS0, ζS0i}, {pS1, ζS1i}, . . . of S are envisaged, we
shall denote S by S0, S1, . . ., call a target S–marked manifold M an S0–, S1–,
. . . marked manifold and the S–surface knots Ξ it supports S0–, S1–, . . . surface
knots, respectively, to indicate which marking of S is referred to.
Assume that two markings {pS0, ζS0i} and {pS1, ζS1i} of S with the same un-
derlying C–pointing pC are given and that the manifoldM is S0– and S1– marked
by {pM0, ζM0i}, {pM1, ζM1i}, respectively. Suppose further that Ξ is simultane-
ously an S0–surface knot of M0 and an S1–surface knot of M1. The natural
question arises about the relation between the normalized surfaces Σ♯0Ξ , Σ
♯
1Ξ as-
sociated with Ξ in the two markings. Since the definition of such surfaces accord-
ing to (2.2.37) involves the reference S0–surface knot ΞM0 of M0 and S1–surface
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knots ΞM1 of M1, this relation will not be simple unless ΞM0, ΞM1 themselves
are simply related. In what follows, we assume that ΞM0 = ΞM1 = ΞM perhaps
up to S0– and S1–marking preserving ambient isotopy, respectively, where ΞM is
simultaneously an S0–surface knot of M0 and an S1–surface knot of M1.
Lemma 2.2.1 There is an orientation preserving isotopy kz, z ∈ R, relating the
markings {pS0, ζS0i} and {pS1, ζS1i}.
Proof. The markings {pS0, ζS0i} and {pS1, ζS1i} of S are homotopically equivalent
in the sense of algebraic topology, since both the ζS0i and the ζS1i represent the
2ℓS homotopy classes of the standard oriented a– and b–cycles of S. There is thus
an orientation preserving isotopy kz, z ∈ R, deforming {pS0, ζS0i} into {pS1, ζS1i},
that is such that k1(pS0) = pS1, k1 ◦ ζS0i = ζS1i. 
We now have the following proposition.
Proposition 2.2.13 Suppose that the reference S0–surface knot ΞM0 of M0 and
S1–surface knot ΞM1 of M1 are both equal to a simultaneous S0– and S1 surface
knot ΞM of M0 and M1 perhaps up to S0– and S1–marking preserving ambient
isotopy, respectively. Let Ξ be a simultaneous S0– and S1–surface knot of M0 and
M1, respectively, having the following properties: Ξ ◦ kz(pS0) = ΞM ◦ kz(pS0) and
Ξ ◦kz ◦ζS0i = ΞM ◦kz ◦ζS0i for all z, where kz is an orientation preserving isotopy
with the properties stated in lemma 2.2.1. Then, there are a curve γ1 : pM0 → pM1
of M and a thin homotopy H : Σ♯0Ξ ⇛ Iγ1
−1◦ ◦ Σ♯1Ξ ◦ Iγ1 , both with image
contained in that of Ξ.
Proof. Preliminarily, we examine the unnormalized surfaces Σ0Ξ , Σ1Ξ of a simul-
taneous S0– and S1–surface knot Ξ ofM0 andM1. To construct them, compatible
surfaces ΣS0, ΣS1 of S0, S1, respectively, must be picked. From the proof of prop.
2.2.6, Σ0Ξ , Σ1Ξ are independent from the choice of ΣS0, ΣS1 up to thin homo-
topy. This allows us to enforce a convenient relationship between ΣS0, ΣS1. We
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select ΣS0, ΣS1 related as ΣS1 = f ◦ΣS0 with f = k1, where kz is an orientation
preserving isotopy with the properties of lemma 2.2.1.
The composition Ξ ◦ f is an S0–surface of M1. As f = k1, the composition
Ξ ◦ kz defines an isotopy of the S0–surface knots Ξ and Ξ ◦ f . By the isotopy
extension theorem, there is an ambient isotopy Wz, z ∈ R, of Ξ and Ξ ◦ f with
Wz◦Ξ = Ξ◦kz. The same holds true for the reference S0–and S1–surface knot ΞM
of M0 and M1, with a generally different ambient isotopy WMz. The S0–surface
knots Ξ , Ξ ◦ f are thus freely ambient isotopic and similarly ΞM , ΞM ◦ f .
Because of the assumptions made, we have Wz(pM0) = Wz ◦ Ξ(pS0) = Ξ ◦
kz(pS0) = ΞM ◦ kz(pS0) = WMz ◦ΞM(pS0) =WMz(pM0) and Wz ◦ ζM0i =Wz ◦Ξ ◦
ζS0i = Ξ ◦ kz ◦ ζS0i = ΞM ◦ kz ◦ ζS0i = WMz ◦ ΞM ◦ ζS0i = WMz ◦ ζM0i for all real
z. The ambient isotopies Wz, WMz are therefore concordant on {pM0, ζM0i} (cf.
def. 2.2.39).
By prop. 2.2.11 with ΞM0 = ΞM , ΞM1 = ΞM ◦ f and Ξ0 = Ξ , Ξ1 = Ξ ◦ f ,
there is a homotopy H : Σ♯0Ξ ⇛ Iγ1
−1◦ ◦ Σ♯0Ξ◦f ◦ Iγ1 , where γ1 : pM0 → pM1 is
a curve of M . Now, as ΣS1 = f ◦ ΣS0, Σ1Ξ = Σ0Ξ◦f and Σ1ΞM1 = Σ0ΞM1◦f by
(2.2.35). Taking (2.2.37) into account, we find that the above is also a homotopy
H : Σ♯0Ξ ⇛ Iγ1
−1◦ ◦Σ♯1Ξ ◦ Iγ1 .
As explained in the proof of prop. 2.2.11, the homotopy H is the compo-
sition of the standard thin homotopy Σ♯0Ξ ⇛ IιpM0
−1◦ ◦ Σ♯0Ξ ◦ IιpM0 and the
homotopy Ĥ : IιpM0
−1◦ ◦ Σ♯0Ξ ◦ IιpM0 ⇛ Iγ1
−1◦ ◦ Σ♯1Ξ ◦ Iγ1 defined by (2.2.48)–
(2.2.50), here with Σ♯Ξz replaced by Σ
♯
0Ξz . The curve γz and the surface Σ
♯
0Ξz
entering in (2.2.49) are built from (2.2.45) and its reference analog, (2.2.37)
and (2.2.17), with W , WM the free ambient isotopies introduced above. Since
Wz ◦ Ξ = Ξ ◦ kz, WMz ◦ ΞM = ΞM ◦ ky, we have γy(x) = Wα(x)α(y)(Ξ(pS0)) =
Ξ(kα(x)α(y)(pS0)) and Σ0Ξz(x, y) = Wα(z)(Ξ(ΣS0(x, y))) = Ξ(kα(z)(ΣS0(x, y))),
Σ0Mz(x, y) = WMα(z)(ΞM(ΣS0(x, y))) = ΞM(kα(z)(ΣS0(x, y))). Hence, the im-
ages of γz and Σ
♯
0Ξz are contained in that of Ξ . As this latter is a differentiable
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surface in M , Ĥ satisfies (2.1.15b) for dimensional reasons. Ĥ is therefore a thin
homotopy. It follows that H is a thin homotopy. By the property of the curve γy
just found, the image of the curve γ1 as well as the homotopy H are contained in
that of the knot ξ. 
The characteristic C–knots ζS0i
∗Ξ , ζS1i
∗Ξ of an S0– and S1–knot Ξ of M0
and M1 depend on which marking one assumes. However, they are independent
form the marking up to homotopy.
Proposition 2.2.14 Let Ξ be a simultaneous S0– and S1–surface knot of M0
and M1, respectively. Then, there are a curve γ1 : pM0 → pM1 of M and 2ℓS
homotopies hi : γ0ζS0i∗Ξ ⇒ γ1
−1◦ ◦ γ1ζS1i∗Ξ ◦ γ1 all with image contained in that
of Ξ. Further, γ1 can be taken to be the same curve as that indicated in prop.
2.2.13 under the hypotheses of this latter.
Proof. Let again f = k1, where kz is the orientation preserving isotopy of lemma
2.2.1. We showed in the proof of prop. 2.2.13 that the S0–surface knots Ξ , Ξ ◦ f
are freely ambient isotopic with the underlying ambient isotopy Wz satisfying
Wz ◦ Ξ = Ξ ◦ kz. By prop. 2.2.12 with Ξ0 = Ξ , Ξ1 = Ξ ◦ f there is then a
homotopy hi : γ0ζS0i∗Ξ ⇒ γ1
−1◦ ◦ γ0ζS0i∗(Ξ◦f) ◦ γ1, where the curve γ1 : pM0 → pM1
is defined as in the proof of prop. 2.2.13 and has hence the properties shown
there. Since γ0ζS0i∗(Ξ◦f) = γM1i = γ1ζS1i∗Ξ by (2.2.39) trivially, hi : γ0ζS0i∗Ξ ⇒
γ1
−1◦ ◦ γ1ζS1i∗Ξ ◦ γ1.
The homotopy hi is the composition of the standard thin homotopy γ0ζS0i∗Ξ ⇒
ιpM0
−1◦ ◦ γ0ζS0i∗Ξ ◦ ιpM0 and the homotopy ĥi defined in (2.2.52) in terms of the
family of curves γ̂Myi. γ̂Myi in turn is expressed according to (2.2.51) in terms of
γy, γMyi. The image of γy lies in that of Ξ as shown in the proof of prop. 2.2.13.
Since γMyi = Wα(y) ◦ γM0i = Wα(y) ◦ Ξ ◦ γS0i = Ξ ◦ kα(y) ◦ γS0i, image of γMyi is
also contained in that of Ξ . The same holds thus true also for the image of ĥi
and consequently hi. 
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2.3 2–knots and source autodiffeomorphism action
In this subsection, we consider the role source autodiffeomorphisms on knots.
We begin by reviewing this matter for ordinary knots and the we show how the
analysis extends to higher knots.
We let again C be an oriented differentiable closed curve with a choice of
pointing (cf. subsect. 2.2). We let further M be a manifold, but we assume no
C–pointing in it.
Autodiffeomorphisms of C act on free C–knots by right composition.
Lemma 2.3.1 Let ξ be a free C–knot and let f be an orientation preserving
autodiffeomorphism of C. Then, ξ ◦ f is a free C–knot too.
Proof. The statement is obvious. 
Definition 2.3.1 For a free C–knot ξ and an orientation preserving autodiffeo-
morphism f of C, we set
f ∗ξ = ξ ◦ f. (2.3.1)
f ∗ξ is called the pull–back of ξ by f .
Free C–knot pull-back is compatible with ambient isotopy.
Proposition 2.3.1 If ξ0, ξ1 are ambient isotopic free C–knots, so are their pull–
backs f ∗ξ0, f
∗ξ1 by any orientation preserving autodiffeomorphism f .
Proof. Let F be an ambient isotopy relating ξ0, ξ1. Then, relation (2.2.4) holds.
From (2.3.1), it follows that f ∗ξ1 = F1 ◦ f
∗ξ0. Consequently, f
∗ξ0, f
∗ξ1 are also
ambient isotopic. 
We denote by Diff(C) the group of orientation preserving autodiffeomorphisms
of C. It follows that the pull–back action descends to a right action of Diff(C)
on KnotFC(M), called source autodiffeomorphism action.
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The fact that every orientation preserving autodiffeomorphism of C is iso-
topic to idC entails that the source autodiffeomorphism action of Diff(C) on
KnotFC(M) is completely trivial.
Proposition 2.3.2 For any free C–knot ξ and any orientation preserving autod-
iffeomorphism f of C, the free C–knot f ∗ξ is ambient isotopic to ξ.
Proof. Since all orientation preserving autodiffeomorphisms of C are isotopic to
idC , there is an orientation preserving isotopy ky, y ∈ R, transforming idC into
f . The composition ξ ◦ ky is then an isotopy of the C–knots ξ, f
∗ξ, by (2.3.1).
By the isotopy extension theorem, there is an ambient isotopy Wy, y ∈ R of ξ,
f ∗ξ such that Wy ◦ ξ = ξ ◦ ky. 
Next, we shall study the properties of the curve γξ : ξ(pC)→ ξ(pC) associated
with a free C–knot ξ under the source autodiffeomorphism action ξ 7→ f ∗ξ. The
following proposition is expected from prop. 2.3.2.
Proposition 2.3.3 Let ξ be a free C–knot and let f be an orientation preserving
autodiffeomorphisms of C. Then, there are a curve γf : ξ(pC) → f
∗ξ(pC) of M
and a thin homotopy hf : γξ ⇒ γf
−1◦ ◦ γf∗ξ ◦ γf , both with image contained in
that of ξ.
In this subsection, we continue to use the “compose the rightmost first” rule for
the composition of curves introduced in subsect. 2.2.
Proof. ξ, f ∗ξ are C–knots belonging to the C–pointings ξ(pC), f
∗ξ(pC) of M ,
respectively. As such, they are freely ambient isotopic by prop. 2.3.2. By prop.
2.2.3 with pM0 = ξ(pC), pM1 = f
∗ξ(pC) and ξ0 = ξ and ξ1 = f
∗ξ, there is then a
homotopy h : γξ ⇒ γ1
−1◦ ◦γf∗ξ◦γ1, where γ1 : ξ(pC)→ f
∗ξ(pC) is a curve ofM . h
is the composition of the standard thin homotopy γξ ⇒ ιξ(pC)
−1◦◦ γξ◦ιξ(pC) and the
homotopy ĥ : ιξ(pC)
−1◦ ◦ γξ ◦ ιξ(pC) ⇒ γ1
−1◦ ◦ γf∗ξ ◦ γ1 defined by (2.2.18), (2.2.19).
The curves γy and γξy entering in (2.2.18) are built from (2.2.16), (2.2.17), where
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W is the free ambient isotopy of ξ, f ∗ξ satisfying Wy ◦ ξ = ξ ◦ky, as shown in the
proof of prop. 2.3.2. Reasoning as in the proof of prop. 2.2.4, one shows that the
images of γy and γξy are contained in that of ξ, which is a differentiable curve, so
that ĥ satisfies (2.1.6) for dimensional reasons. ĥ is therefore a thin homotopy.
It follows that h is a thin homotopy. By the above property of the curves γy,
γξy , the images of the curve γ1 and homotopy h lie in that of the knot ξ. The
proposition now follows setting γf = γ1 and hf = h. 
We now switch to surface knot theory. We let again S be an oriented differ-
entiable closed surface with a choice of marking (cf. subsect. 2.2). We let further
M be a manifold, but we assume no S–marking in it.
Autodiffeomorphisms of S act on free S–surface knots through right compo-
sition.
Lemma 2.3.2 Let Ξ be a free S–surface knot and let f be an orientation pre-
serving autodiffeomorphism of S. Then, Ξ ◦ f is a free S–surface knot too.
Proof. The statement is obvious. 
Definition 2.3.2 For a free S–surface knot Ξ and an orientation preserving
autodiffeomorphism f of S, we set
f ∗Ξ = Ξ ◦ f. (2.3.2)
f ∗Ξ is called the pull–back of Ξ by f .
Free S–surface knot pull-back is compatible with ambient isotopy.
Proposition 2.3.4 If Ξ0, Ξ1 are ambient isotopic free S–surface knots, so are
their pull–backs f ∗Ξ0, f
∗Ξ1 by any orientation preserving autodiffeomorphism f .
Proof. Let F be an ambient isotopy relating Ξ0, Ξ1. Then, relation (2.2.20)
holds. From (2.3.2), it follows that f ∗Ξ1 = F1 ◦ f
∗Ξ0. Consequently, f
∗Ξ0, f
∗Ξ1
are also ambient isotopic. 
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We denote by Diff(S) the group of orientation preserving autodiffeomorphisms
of S. It follows that the pull–back action descends to a right action of Diff(S) on
KnotFS(M), we shall call source autodiffeomorphism action.
Unlike C, not every orientation preserving autodiffeomorphism of S is isotopic
to idC . Prop. 2.3.2, so, extends to surface knots in the following weaker form.
Proposition 2.3.5 For any free S–surface knot Ξ and any two isotopic orienta-
tion preserving autodiffeomorphisms f0, f1 of S, the free S–surfaces knots f0
∗Ξ,
f1
∗Ξ are ambient isotopic.
Proof. Since the orientation preserving autodiffeomorphisms f0, f1 of S are iso-
topic, there is an orientation preserving isotopy kz, z ∈ R, transforming f0 into
f1. The composition Ξ ◦hz is then an isotopy of the S–surface knots f0
∗Ξ , f1
∗Ξ ,
by (2.3.2). By the isotopy extension theorem, there is an ambient isotopy Wz,
z ∈ R of f0
∗Ξ and f1
∗Ξ such that Wz ◦ f0
∗Ξ = Ξ ◦ kz. 
Let Diff0(S) denote the normal subgroup of Diff(S) formed by the S–auto-
diffeomorphisms isotopic to idS. The classic mapping class group
MCG(S) = Diff(S)/Diff0(S) (2.3.3)
is then defined. By prop. 2.3.5, the source autodiffeomorphism action of Diff(S)
on KnotFS(M) descends to one of MCG(S) on KnotFS(M).
Next, we shall study the properties of the surface Σ♯Ξ : ιΞ(pS) ⇒ ιΞ(pS) asso-
ciated with a free S–surface knot Ξ under the source autodiffeomorphism action
Ξ 7→ f ∗Ξ . These properties will not be anything simple, unless the the con-
comitant reference S–surface knot ΞMΞ (cf. def. 2.2.40) behave naturally under
the same action. Again, since we cannot prove this in general, we assume it as
a working hypothesis. The following couple of propositions are expected from
prop. 2.3.5.
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Proposition 2.3.6 Let Ξ be a free S–surface knot and let f0, f1 be isotopic
orientation preserving autodiffeomorphisms of S. Suppose that the concomitant
reference S–surface knots ΞMf0∗Ξ , ΞMf1∗Ξ of f0
∗Ξ, f1
∗Ξ are f0
∗ΞMΞ , f1
∗ΞMΞ ,
respectively, where ΞMΞ is the concomitant reference S–surface knot of Ξ. Sup-
pose further that the free ambient isotopies relating f0
∗Ξ, f1
∗Ξ and f0
∗ΞMΞ ,
f1
∗ΞMΞ according to prop. 2.3.5 are concordant on the S–marking {f0
∗Ξ(pS),
ζSi
∗f0
∗Ξ} of M . Then, there are a curve γf0f1 : f0
∗Ξ(pS)→ f1
∗Ξ(pS) of M and
a thin homotopy Hf0f1 : Σ
♯
f0∗Ξ ⇛ Iγf0f1
−1◦ ◦Σ♯f1∗Ξ ◦ Iγf0f1 , both with image lying
in that of Ξ.
Concordance is defined in 2.2.39. As usual the “compose the rightmost first” rule
for the composition of surfaces is used.
Proof. f0
∗Ξ , f1
∗Ξ are S–surface knots belonging to the S–markings {f0
∗Ξ(pS),
ζSi
∗f0
∗Ξ}, {f1
∗Ξ(pS), ζSi
∗f1
∗Ξ}, respectively. As such, they are freely ambient
isotopic by prop. 2.3.5. The concomitant reference S–surface knots f0
∗ΞMΞ ,
f1
∗ΞMΞ of f0
∗Ξ , f1
∗Ξ are freely ambient isotopic by the same reason. By hy-
pothesis, the ambient isotopy of f0
∗ΞMΞ , f1
∗ΞMΞ is concordant with that of
f0
∗Ξ , f1
∗Ξ on the S–marking {f0
∗Ξ(pS), ζSi
∗f0
∗Ξ} of M . By prop. 2.2.11 us-
ing {pM0, ζM0i} = {f0
∗Ξ(pS), ζSi
∗f0
∗Ξ}, {pM1, ζM1i} = {f1
∗Ξ(pS), ζSi
∗f1
∗Ξ} and
Ξ0 = f0
∗Ξ , Ξ1 = f1
∗Ξ , ΞM0 = f0
∗ΞMΞ , ΞM1 = f1
∗ΞMΞ, there is a homo-
topy H : Σ♯f0∗Ξ ⇒ Iγ1
−1◦ ◦ Σf1∗Ξ ◦ Iγ1 , where γ1 : f0
∗Ξ(pS) → f1
∗Ξ(pS) is a
curve of M . H is the composition of the standard thin homotopy Σ♯f0∗Ξ(pS) ⇛
Iιf0∗Ξ(pS )
−1◦ ◦ Σ♯f0∗Ξ ◦ Iιf0∗Ξ(pS) and the homotopy Ĥ : Iιf0∗Ξ(pS)
−1◦ ◦ Σ♯f0∗Ξ ◦
Iιf0∗Ξ(pS ) ⇛ Iγ1
−1◦ ◦ Σ♯f1∗Ξ ◦ Iγ1 defined by (2.2.48)–(2.2.50). The curve γz and
the surface Σ♯Ξz entering in (2.2.49) are built from (2.2.17) and (2.2.45) and its
reference analog via (2.2.37) with pM0 = f0
∗Ξ(pS), Ξ0 = f0
∗Ξ , ΞM0 = f0
∗ΞMΞ
and W , WM the free ambient isotopies of f0
∗Ξ , f1
∗Ξ and f0
∗ΞMΞ , f1
∗ΞMΞ , re-
spectively, satisfying Wz ◦ Ξ = Ξ ◦ hz, WMz ◦ ΞMΞ = ΞMΞ ◦ hz as shown in
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the proof of prop. 2.3.5. Reasoning as in the proof of prop. 2.2.13, one shows
that the images of γz, Σ
♯
(f0∗Ξ)z are contained in that f0
∗Ξ and hence Ξ , which
is a differentiable surface, so that Ĥ satisfies (2.1.15b) by dimensional reasons.
Ĥ is therefore a thin homotopy. It follows that H is a thin homotopy. By the
above property of the curve γz and surface Σ
♯
(f0∗Ξ)z the images of the curve γ1
and homotopy H lie in that of the knot Ξ . The proposition now follows setting
γf0f1 = γ1 and Hf0f1 = H . 
Proposition 2.3.7 Let Ξ be a free S–surface knot and let f0, f1 be isotopic
orientation preserving autodiffeomorphisms of S. Then, there are a curve γf0f1 :
f0
∗Ξ(pS) → f1
∗Ξ(pS) of M and 2ℓS homotopies hf0f1i : γζSi∗f0∗Ξ ⇒ γf0f1
−1◦ ◦
γζSi∗f1∗Ξ ◦ γf0f1, all with image is contained in that of Ξ. Furthermore, γf0f1 can
be taken to be the same curve as in prop. 2.3.6 under the hypotheses of this latter.
Proof. f0
∗Ξ , f1
∗Ξ are S–surface knots belonging to the S–markings {f0
∗Ξ(pS),
ζSi
∗f0
∗Ξ}, {f1
∗Ξ(pS), ζSi
∗f1
∗Ξ}, respectively, which are freely ambient isotopic
by prop. 2.3.5. Then, by prop. 2.2.12 with {pM0, ζM0i} = {f0
∗Ξ(pS), ζSi
∗f0
∗Ξ},
{pM1, ζM1i} = {f1
∗Ξ(pS), ζSi
∗f1
∗Ξ} and Ξ0 = f0
∗Ξ , Ξ1 = f1
∗Ξ , there are a
curve γ1 : f0
∗Ξ(pS) → f1
∗Ξ(pS) of M and 2ℓS homotopies hi : γζSi∗f0∗Ξ ⇒
γ1
−1◦ ◦ γζSi∗f1∗Ξ ◦ γ1. For each i, hi is the composition of the standard thin
homotopy γζSi∗f0∗Ξ ⇒ ιf0∗Ξ(pS)
−1◦ ◦ γζSi∗f0∗Ξ ◦ ιf0∗Ξ(pS) and the homotopy ĥi :
ιf0∗Ξ(pS)
−1◦ ◦ γζSi∗f0∗Ξ ◦ ιf0∗Ξ(pS) ⇒ γ1
−1◦ ◦ γζSi∗f1∗Ξ ◦ γ1 defined according to
(2.2.51), (2.2.52). The curves γz and γMzi entering in (2.2.51) are built from
(2.2.17) and (2.2.47) via (2.2.31) with pM0 = f0
∗Ξ(pS), ΞM0 = f0
∗ΞMΞ and W ,
the free ambient isotopies of f0
∗Ξ , f1
∗Ξ satisfying Wz ◦Ξ = Ξ ◦ hz, as shown in
the proof of prop. 2.3.5. Reasoning as in the proof of prop. 2.2.14, one shows
that the images of γz and γMzi are contained in that f0
∗Ξ and hence Ξ . The
same thus holds for the images of γ1 and the hi. The proposition now follows
setting γf0f1 = γ1 and hf0f1i = hi. 
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2.4 Sample computations
In this subsection, we present a few simple sample computations to illustrate
the abstract constructions of the preceding subsections.
To describe knots in terms of curves and surfaces with sitting instant, it is
useful to introduce a function α : R→ [0, 1] such that
dxα(x) ≥ 0, (2.4.1a)
α(x) = 0 for x < ǫ, α(x) = 1 for x > 1− ǫ. (2.4.1b)
for some number ǫ > 0 with ǫ < 1/2. For instance,
α(u) = gβ
(
1− 2u
(u− ǫ)(1 − ǫ− u)
)
(2.4.2)
for ǫ < u < 1− ǫ, α(u) = 0 for u ≤ ǫ and α(u) = 1 for u ≥ 1− ǫ, where
gβ(w) =
1
exp(βw) + 1
(2.4.3)
with β > 0 is the Fermi–Dirac function.
For ordinary knots, the base manifold is C = S1, the circle. To aid geometrical
intuition, it is convenient to view S1 as an embedded submanifold of R2 with
radius 1. A standard embedding of this kind is
sS1(ϑ) = (cosϑ, sinϑ), (2.4.4)
with ϑ ∈ [0, 2π). A natural choice of pointing is pS1 = (1, 0). A compatible curve
γS1 : R→ S
1 is now given by
γS1(x) = sS1(2πα(x)). (2.4.5)
For genus 0 surface knots, the base manifolds is S = S2, the usual sphere. To
allow for a pictorial representation, we view S2 as an embedded submanifold of
R
3 with radius 1. A standard embedding of this kind is
SS2(ϑ, ϕ) = (cosϑ sin ϑ(1− cosϕ),− sinϑ sinϕ, 1− sin
2 ϑ(1− cosϕ)), (2.4.6)
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pS2
Figure 3: the surface ΣS2 .
where ϑ ∈ (0, π) and ϕ ∈ [0, 2π). A customary choice of marking of S2 consists
of the point pS2 = (0, 0, 1), the sphere’s north pole. A compatible surface ΣS2 :
R
2 → S2 is now given by
ΣS2(x, y) = SS2(πα(y), 2πα(x)). (2.4.7)
In fig. 3, a sequence of constant y curves sweeping S2 is drawn in cyan [35].
For genus 1 surface knots, S = T 2, the familiar torus. For a graphic represen-
tation again, we view T 2 as an embedded submanifold of R3 with toroidal radius
1 and poloidal radius r < 1. A standard embedding of this kind is
ST 2(ϑ1, ϑ2) = (cosϑ1(1 + r cosϑ2), sinϑ1(1 + r cos ϑ2), r sin ϑ2), (2.4.8)
where ϑ1, ϑ2 ∈ [0, 2π). A standard marking of T
2 consists of the point pT 2 =
(1 + r, 0, 0) and the curves
ξT 2(ϑ) = ((1 + r) cosϑ, (1 + r) sinϑ, 0), (2.4.9a)
ηT 2(ϑ) = (1 + r cos ϑ, 0, r sinϑ), (2.4.9b)
where ϑ ∈ [0, 2π). A compatible surface ΣT 2 : R
2 → T 2 is given by
ΣT 2(x, y) = ST 2(2πc1(x, y)), 2πc2(x, y))) (2.4.10)
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pT 2
ξT 2
ηT 2
Figure 4: the surface ΣT 2 .
where the functions c1, c2 : R
2 → [0, 1] are given by
c1(x, y) = ̺(4α(x), α(y))− ̺(4α(x)− 2, α(y)), (2.4.11a)
c2(x, y) = ̺(4α(x)− 1, α(y))− ̺(4α(x)− 3, α(y)), (2.4.11b)
̺ : R× [0, 1]→ [0, 1] is defined by
̺(s, t) = tgβ
(
1− 2s
(1 + s− t)(2− s− t)
)
. (2.4.12)
for t − 1 < s < 2 − t, ̺(s, t) = 0 for s ≤ t − 1 and ̺(s, t) = 1 for s ≥ 2 − t and
ξT 2
ηT 2
ξT 2
−1
ηT 2
−1
pT 2
pT 2
pT 2
pT 2
Figure 5: the surface ΣT 2 when T
2 is unfolded.
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the function gβ is defined in (2.4.3). In fig. 4, a sequence of constant y curves
sweeping T 2 are drawn in cyan. In fig. 5, the sequence of curves is shown when
the torus is unfolded for a clearer visualization. The curve τT 2 : R→ T
2 as
τT 2(x) = ST 2(2πc1(x, y)), 2πc2(x, y))), (2.4.13)
where y > 1− ǫ whose choice is immaterial.
61
3 Higher parallel transport and holonomy
In this section, we first review the theory of parallel transport both in ordinary
and in strict higher gauge theory. In our presentation, we follow ref. [17], to which
the reader is referred to for further details. We then expound our theory of surface
holonomy with the main results of this paper.
The relevant algebraic and differential geometric structures on which the fol-
lowing analysis rests are those of Lie group, Lie algebra, Lie crossed module and
differential Lie crossed module. These are reviewed in some detail in the appendix
of ref. [16], whose notational conventions we adopt. We now recall briefly these
notions and their mail properties for the sake of completeness and to the reader’s
benefit. Below, unless otherwise stated, we work in the category of smooth man-
ifolds and maps.
Definition 3.0.1 A Lie crossed module consists of a pair of Lie groups G, H
together with two Lie group morphisms t : H → G and m : G → Aut(H), where
Aut(H) is the automorphism group of H, obeying the relations
t(m(a)(A)) = at(A)a−1, (3.0.14a)
m(t(A))(B) = ABA−1 (3.0.14b)
with a ∈ G, A,B ∈ H.
Just as the notion of Lie group and Lie algebra are intimately related, so are
those of Lie crossed module and differential Lie crossed module.
Definition 3.0.2 A differential Lie crossed module consists of a pair of Lie alge-
bras g, h together with two Lie algebra morphism τ : h→ g. and µ : g→ der(h),
where der(h) is the Lie algebra of derivations of h, obeying the relations
τ(µ(x)(X)) = [x, τ(X)]g, (3.0.15a)
62
µ(τ(X))(Y ) = [X, Y ]h (3.0.15b)
with x ∈ g, X, Y ∈ h.
In the same way as there is a Lie algebra canonically derived from any Lie
group, there is a differential Lie crossed module canonically derived from any Lie
crossed module.
Proposition 3.0.1 With each Lie crossed module (G,H, t,m) there is associated
a differential Lie crossed module (g, h, t˙, m̂) with
t˙(X) =
dt(C(v))
dv
∣∣∣
v=0
, (3.0.16a)
m̂(x,X) =
∂
∂u
(∂m(c(u))(C(v))
∂v
∣∣∣
v=0
)∣∣∣
u=0
(3.0.16b)
for x ∈ g, X ∈ h, where c(u) is any curve in G such that c(u)
∣∣
u=0
= 1G and
dc(u)/du
∣∣
u=0
= x and C(v) is any curve in H such that C(v)
∣∣
v=0
= 1H and
dC(v)/dv
∣∣
v=0
= X.
In this paper, we shall need two more mappings arising in any Lie crossed module
defined below.
Definition 3.0.3 Each Lie crossed module (G,H, t,m) is characterized by two
canonical mappings m˙ : G× h→ h and Q : g×H → h defined by
m˙(a)(X) =
d
dv
m(a)(C(v))
∣∣∣
v=0
, (3.0.17a)
Q(x,A) =
d
du
m(c(u))(A)A−1
∣∣∣
u=0
(3.0.17b)
for a ∈ G, X ∈ h, x ∈ g, A ∈ H, where c(u) is a curve in G such that c(u)
∣∣
u=0
= 1G and dc(u)/du
∣∣
u=0
= x and C(v) is a curve in H such that C(v)
∣∣
v=0
= 1H
and dC(v)/dv
∣∣
v=0
= X.
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3.1 2–parallel transport
In this subsection, we review the construction of higher parallel transport
in strict higher gauge theory. This subject has been analyzed in depth in refs.
[19–27]. We follow mainly ref. [28]. This material is not original and is presented
mainly to make this paper self–contained and for later reference. For this reason,
we give no proof of the basic results.
As an introduction to the topic, we review first parallel transport in ordinary
gauge theory. Let M be a manifold and G be a Lie group. The trivial principal
G–bundle on M is assumed as differentiable background.
We begin by reviewing the notion of G–connection.
Definition 3.1.1 A G–connection on M , or simply a G–connection, is a form
θ ∈ Ω1(M, g). A G–connection θ is said flat if
dθ +
1
2
[θ, θ] = 0. (3.1.1)
We now proceed to the definition of parallel transport on ordinary gauge theory.
Definition 3.1.2 Let θ be a G–connection on M . For any curve γ of M , the
element Fθ(γ) ∈ G defined by
Fθ(γ) = u(1), (3.1.2)
where u : R→ G is the unique solution of the differential problem
dxu(x)u(x)
−1 = −γ∗θx(x), u(0) = 1G, (3.1.3)
is called the parallel transport along γ induced by θ.
The basic datum required by the construction of parallel transport is thus a
G–connection θ on M , which we fix once and for all.
Parallel transport is compatible with the operations on curves of def. 2.1.2.
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Proposition 3.1.1 For any point p of M ,
Fθ(ιp) = 1G. (3.1.4)
For any curve γ of M ,
Fθ(γ
−1◦) = Fθ(γ)
−1. (3.1.5)
For any two composable curves γ1, γ2 of M ,
Fθ(γ2 ◦ γ1) = Fθ(γ2)Fθ(γ1). (3.1.6)
Fθ has the fundamental property of homotopy invariance as detailed by the
following proposition.
Proposition 3.1.2 Let γy, y ∈ R, be a smooth 1–parameter family of curves of
M with y independent source and target points such that the mapping h : R2 →M
defined by h(x, y) = γy(x) is a thin homotopy h : γ0 ⇒ γ1 (cf. def. 2.1.3). Then,
Fθ(γ1) = Fθ(γ0). (3.1.7)
The same relation holds if θ is flat and h is a homotopy
Parallel transport defines a mapping Fθ : Π1M → G of the set Π1M of curves
of M into the group G. Because of the properties stated by props. 3.1.1, 3.1.2,
this mapping descends to a functor F¯θ : (M,P1M)→ BG from the path groupoid
(M,P1M) of M into the delooping BG of G. When θ is flat, we have further a
functor F¯ 0θ : (M,P
0
1M)→ BG from the fundamental groupoid (M,P
0
1M) ofM
into BG. This is an important categorical characterization of parallel transport,
but it will play no role in the following.
We consider next parallel transport in strict higher gauge theory. Let M be
a manifold and (G,H) be a Lie crossed module. The trivial principal (G,H)–2–
bundle on M is assumed as differentiable background.
65
Definition 3.1.3 A (G,H)–2–connection doublet on M , or simply a (G,H)–
connection doublet, is a pair (θ, Υ ) of a 1–form θ ∈ Ω1(M, g) and a 2–form
Υ ∈ Ω2(M, h) satisfying the zero fake curvature condition
dθ +
1
2
[θ, θ]− t˙(Υ ) = 0. (3.1.8)
A (G,H)–connection (θ, Υ ) is said flat if
dΥ + m̂(θ, Υ ) = 0. (3.1.9)
Parallel transport in higher gauge theory is defined in analogy to ordinary one
as follows.
Definition 3.1.4 Let (θ, Υ ) be a (G,H)–2–connection doublet on M .
For any curve γ of M , the element Fθ(γ) ∈ G defined as in 3.1.2 is the
1–parallel transport along γ induced by (θ, Υ ).
For any any surface Σ of M the element Fθ,Υ (Σ) ∈ H defined by
Fθ,Υ (Σ) = E(0, 1), (3.1.10)
where E : R2 → H is the unique solution of the two step differential problem
∂xu(x, y)u(x, y)
−1 = −Σ∗θx(x, y), u(1, y) = 1G, (3.1.11a)
∂yv(x, y)v(x, y)
−1 = −Σ∗θy(x, y), v(x, 0) = 1G, (3.1.11b)
∂x(∂yE(x, y)E(x, y)
−1) = −m˙(v(1, y)−1u(x, y)−1)(Σ∗Υxy(x, y)) (3.1.11c)
or ∂y(E(x, y)
−1∂xE(x, y)) = −m˙(u(x, 0)
−1v(x, y)−1)(Σ∗Υxy(x, y))
E(1, y) = E(x, 0) = 1H .
with u, v : R2 → G, is called the 2–parallel transport along Σ induced by (θ, Υ ).
The two forms of the differential problem (3.1.11c) are equivalent: any solution
of one is automatically solution of the other. The basic datum required by the
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construction of 1– and 2–parallel transport is a (G,H)–connection doublet (θ, Υ )
on M , which we fix once and for all.
The 2–parallel transport along a surface is simply related to the 1–parallel
transport along its source and target curves.
Proposition 3.1.3 Let γ0, γ1 be curves with equal source and target points and
Σ : γ0 ⇒ γ1 be a surface of M . Then,
Fθ(γ1) = t(Fθ,Υ (Σ))Fθ(γ0). (3.1.12)
Parallel transport is compatible with the operations on curves and surfaces of
def. 2.1.5 analogously to the ordinary case.
Proposition 3.1.4 For any point p of M , (3.1.4) holds. For any curve γ of M ,
(3.1.5) also holds. For any two composable curves γ1, γ2 of M , (3.1.6) holds too.
For any curve γ of M , one has
Fθ,Υ (Iγ) = 1H . (3.1.13)
For any surface Σ of M , one has
Fθ,Υ (Σ
−1•) = Fθ,Υ (Σ)
−1. (3.1.14)
For any two vertically composable surfaces Σ1, Σ2 of M , one has
Fθ,Υ (Σ2 •Σ1) = Fθ,Υ (Σ2)Fθ,Υ (Σ1). (3.1.15)
For any surface Σ of M , one has
Fθ,Υ (Σ
−1◦) = m(Fθ(γ0)
−1)(Fθ,Υ (Σ)
−1), (3.1.16)
where γ0 is the source curve of Σ. For any two horizontally composable surfaces
Σ1, Σ2 of M , one has
Fθ,Υ (Σ2 ◦Σ1) = Fθ,Υ (Σ2)m(Fθ(γ2))(Fθ,Υ (Σ1)), (3.1.17)
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where γ2 is the source curve of Σ2.
Analogously to the ordinary case, Fθ and Fθ,Υ enjoy the property of homotopy
invariance as established by the following proposition.
Proposition 3.1.5 Let γy, y ∈ R, be a smooth 1–parameter family of curves of
M with y independent source and target points such that the mapping h : R2 →M
defined by h(x, y) = γy(x) is a thin homotopy h : γ0 ⇒ γ1 (cf. def. 2.1.6). Then,
(3.1.7) holds
Let γ0z, γ1z and Σz : γ0z ⇒ γ1z, z ∈ R, be respectively two 1–parameter
families of curves with shared z independent source and target points and a 1–
parameter family of surfaces such that the mapping H : R3 → M defined by
H(x, y, z) = Σz(x, y) is a thin homotopy H : Σ0 ⇛ Σ1. Then,
Fθ(γ01) = Fθ(γ00), (3.1.18a)
Fθ(γ11) = Fθ(γ10), (3.1.18b)
Fθ,Υ (Σ1) = Fθ,Υ (Σ0). (3.1.18c)
The same relations hold if (θ, Υ ) is flat and H is a homotopy.
1– and 2–parallel transport define mappings Fθ : Π1M → G, Fθ,Υ : Π2M → H
of the sets Π1M , Π2M of curves and surfaces of M into the groups G, H , respec-
tively. Because of the properties stated by props. 3.1.4, 3.1.5, these mappings
descend to a strict 2–functor F¯θ,Υ : (M,P1M,P2M) → B(G,H) from the path
2–groupoid (M,P1M,P2M) of M into the delooping B(G,H) of the Lie crossed
module (G,H) seen as a strict 2–group. When (θ, Υ ) is flat, we have further
a strict 2–functor F¯ 0θ,Υ : (M,P1M,P
0
2M) → B(G,H) from the fundamental
2–groupoid (M,P1M,P
0
2M) of M into B(G,H). Again, this is an important
categorical characterization of higher parallel transport, but it will have little
import in the following.
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3.2 2–parallel transport and 1– and 2–gauge transformation
In this subsection, we review gauge transformation of higher parallel transport
in strict higher gauge theory for self–containedness and later reference. Again
the material is not original and no proofs are provided [19–27]. We follow mainly
ref. [28].
We begin by reviewing gauge transformation of parallel transport in ordinary
gauge theory. Let M be a manifold and G be a Lie group. As before, we assume
the trivial principal G bundle on M as differentiable background.
Definition 3.2.1 A G–gauge transformation is a map g ∈ Map(M,G).
G–gauge transformations act on G–connections (cf. def. 3.1.1).
Definition 3.2.2 Let θ be a G–connection and g be a G–gauge transformation.
The gauge transformed G–connection gθ is
gθ = Ad g(θ)− dgg−1. (3.2.1)
Gauge transformations preserves flatness of connections.
Proposition 3.2.1 If θ is a flat G–connection, then, for any G–gauge transfor-
mation g, gθ is also a flat G–connection (cf. def. 3.1.1).
Let us now fix a G–connection θ and a G–gauge transformation g. The fol-
lowing proposition is a classic result.
Proposition 3.2.2 For any curve γ : p0 → p1 ofM , the parallel transports Fθ(γ)
and Fgθ(γ) along γ are related as
Fgθ(γ) = g(p1)Fθ(γ)g(p0)
−1. (3.2.2)
From a categorical perspective, it can be shown that aG–gauge transformation
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g encodes a natural transformation F¯θ ⇒ F¯gθ of parallel transport functors (cf.
subsect. 3). Furthermore, when θ is flat, g yields a natural transformation F¯ 0θ
⇒ F¯ 0gθ of flat parallel transport functors.
We now shift to higher gauge theory and review gauge transformation of
higher parallel transport. Let M be a manifold and (G,H) be a Lie crossed mod-
ule. We assume again the trivial principal (G,H)–bundle on M as differentiable
background.
Definition 3.2.3 A (G,H)–1–gauge transformation is a pair (g, J) of a map
g ∈ Map(M,G) and a 1–form J ∈ Ω1(M, h).
(G,H)–1–gauge transformations act on (G,H)–2–connection doublets (cf.
def. 3.1.3).
Definition 3.2.4 Let (θ, Υ ) be a (G,H)–2–connection doublet and (g, J) be a
(G, H)–1–gauge transformation. The gauge transformed (G,H)–2–connection
doublet (g,Jθ, g,JΥ ) is
g,Jθ = Ad g(θ)− dgg−1 − t˙(J), (3.2.3a)
g,JΥ = m˙(g)(Υ )− dJ −
1
2
[J, J ]− m̂(Ad g(θ)− dgg−1 − t˙(J), J). (3.2.3b)
It can be checked that this gauge transformation is compatible with the zero fake
curvature condition (3.1.8). It also preserves flatness of connection doublets.
Proposition 3.2.3 If (θ, Υ ) is a flat (G,H)–2–connection doublet, then, for ev-
ery (G,H)–1–gauge transformation (g, J), (g,Jθ, g,JΥ ) is also a flat (G,H)–2–
connection doublet (cf. def. 3.1.3).
The 1–gauge transformation of 1– and 2–parallel transport is more involved
than its ordinary counterpart. Let us now fix a (G,H)–2–connection doublet
(θ, Υ ) and a (G,H)–1–gauge transformation (g, J).
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Definition 3.2.5 For any curve γ of M , the element Gg,J ;θ(γ) ∈ H defined by
Gg,J ;θ(γ) = Λ(0), (3.2.4)
where Λ : R→ H is the unique solution of the differential problem
Λ(x)−1dxΛ(x) = −m˙(u(x)
−1γ∗g(x)−1)(γ∗Jx(x)), Λ(1) = 1H , (3.2.5)
with u(x) being the solution of the differential problem (3.1.3) but with initial
condition u(1) = 1G, is called 1–gauge parallel transport along γ.
The following proposition generalizes prop. 3.2.2.
Proposition 3.2.4 For any curve γ : p0 → p1 of M , one has
Fg,Jθ(γ) = g(p1)t(Gg,J ;θ(γ))Fθ(γ)g(p0)
−1. (3.2.6)
For any two curves γ0, γ1 : p0 → p1 and surface Σ : γ0 ⇒ γ1 of M , one has
Fg,Jθ,g,JΥ (Σ) = m(g(p1))
(
Gg,J ;θ(γ1)Fθ,Υ (Σ)Gg,J ;θ(γ0)
−1
)
. (3.2.7)
1–gauge parallel transport is compatible with the curve operations of def. 2.1.5.
Proposition 3.2.5 For any point p of M , one has
Gg,J ;θ(ιp) = 1H . (3.2.8)
For any curve γ of M , one has
Gg,J ;θ(γ
−1◦) = m(Fθ(γ)
−1)(Gg,J ;θ(γ)
−1). (3.2.9)
For any two composable curves γ1, γ2 of M , one has
Gg,J ;θ(γ2 ◦ γ1) = Gg,J ;θ(γ2)m(Fθ(γ2))(Gg,J ;θ(γ1)). (3.2.10)
1–gauge parallel transport is thin homotopy invariant.
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Proposition 3.2.6 Let γy, y ∈ R, be a smooth 1–parameter family of curves
with y independent source and target points such that the mapping h : R2 → M
defined by h(x, y) = γy(x) is a thin homotopy of γ0, γ1. Then,
Gg,J ;θ(γ1) = Gg,J ;θ(γ0). (3.2.11)
By prop. 3.2.6, the map Gg;J ;θ : Π1M → H of the set Π1M of curves of
M into the group H induces one G¯g;J ;θ : P1M → H of the set P1M of thin
homotopy classes of curves of M into H . From a categorical perspective, props.
3.2.4 and 3.2.5 entail that a (G,H)–1–gauge transformation (g, J) encodes a
pseudonatural transformation G¯g,J ;θ : F¯θ,Υ ⇒ F¯g,Jθ,g,JΥ of parallel transport
2–functors. If (θ, Υ ) is flat, then (g, J) yields a pseudonatural transformation
G¯0g,J ;θ : F¯
0
θ,Υ ⇒ F¯
0
g,Jθ,g,JΥ of flat parallel transport 2–functors.
Higher gauge theory enjoys also gauge for gauge symmetry. This plays no role
in the theory of surface knot invariants. We touch it briefly only for the sake of
completeness.
Definition 3.2.6 A (G,H)–2–gauge transformation is a map Ω ∈ Map(M,H).
(G,H)–2–gauge transformations act on (G,H)–1–gauge transformations, the
action depending on an assigned (G,H)–2–connection doublet.
Definition 3.2.7 Let (θ, Υ ) be a (G,H)–2–connection doublet, (g, J) be a (G,H)–
1–gauge transformation and Ω a (G,H)–2–gauge transformation. The 2–gauge
transformed 1–gauge transformation (Ωg|θ,
ΩJ|θ) is given by
Ωg|θ = t(Ω)g, (3.2.12a)
ΩJ|θ = AdΩ(J)− dΩΩ
−1 −Q(g,Jθ, Ω). (3.2.12b)
where g,Jθ is given in (3.2.3a).
Let us now fix a (G,H)–connection doublet (θ, Υ ) and a (G,H)–1–gauge trans-
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formation (g, J). 2–gauge equivalent 1–gauge transformations yield the the same
gauge transformed connection doublet.
Proposition 3.2.7 Let Ω be a (G,H)–2–gauge transformation. Then,
Ωg|θ,
ΩJ|θθ = g,Jθ, (3.2.13a)
Ωg|θ,
ΩJ|θΥ = g,JΥ. (3.2.13b)
The action of 2–gauge transformations on 1–gauge transformations translates into
one on the map γ → Gg,J ;θ(γ).
Proposition 3.2.8 Let Ω be a (G,H)–2–gauge transformation. Then, for any
curve γ : p0 → p1 of M , one has
GΩg|θ,ΩJ|θ;θ(γ) = Ω˜(p1)
−1Gg,J ;θ(γ)m(Fθ(γ))(Ω˜(p0)) (3.2.14)
where Ω˜ is related to Ω by the relation
Ω˜ = m(g−1)(Ω). (3.2.15)
From a categorical point of view, it can be shown that a (G,H)–2–gauge trans-
formation Ω encodes a modification G¯g,J ;θ ⇛ G¯Ω˜g|θ,Ω˜J|θ;θ of gauge pseudonatural
transformations of parallel transport functors.
3.3 2–holonomy
In this subsection containing the main results of this paper, we shall illustrate
the theory of higher holonomy based on the framework of sect. 2.
We consider first ordinary knot holonomy in a gauge theory with gauge Lie
group G on a manifold M .
Let C be a differentiable compact closed curve with a choice of pointing pC
(cf. def. 2.2.3). Recall that with any free C–knot ξ of M (cf. def. 2.2.4) there is
associated a curve γξ : ξ(pc)→ ξ(pc) via eq. (2.2.10).
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Definition 3.3.1 Let θ be a flat G–connection on M . For any free C–knot ξ of
M , the holonomy of ξ is the element Fθ(ξ) ∈ G defined by
Fθ(ξ) = Fθ(γξ). (3.3.1)
The datum required by the construction of knot holonomies is thus a flat G–
connection θ on M (cf. def. 3.1.1, eq. (3.1.1)), which we fix once and for all.
The construction of the curve γξ of a free C–knot ξ according to (2.2.10)
involves a choice of a compatible curve γC : pC → pC of C (cf. def. 2.2.12). The
value Fθ(ξ) of the holonomy of ξ is however independent from the choice made.
Proposition 3.3.1 Knot holonomy is independent from the choice of the com-
patible curve γC.
Proof. By virtue of prop. 2.2.1, the curve γξ of a free C–knot ξ does not depend on
the choice of γC up to thin homotopy. Since the map γ 7→ Fθ(γ) is thin homotopy
invariant for a G–connection θ (cf. prop. 3.1.2), Fθ(γξ) does not depend on the
choice of γC . The statement follows now readily from (3.3.1). 
In order the definition of knot holonomy that we have given to be topologically
meaningful, the holonomies of ambient isotopic free C–knots (cf. def. (2.2.5))
should be equivalent in a suitable sense. As it turns out, they are equivalent
modulo G–conjugation.
To study this matter, we first assign a C–pointing pM to M (cf. def. 2.2.6)
and consider C–knots of M (cf. def. 2.2.10, eq. (2.2.8)). Recall that C–knot
ambient isotopy is C–pointing preserving (cf. def. 2.2.11).
Proposition 3.3.2 If ξ0, ξ1 are C–knots of M and ξ0, ξ1 are ambient isotopic,
Fθ(ξ1) = Fθ(ξ0). (3.3.2)
Proof. By prop. 2.2.2, under the stated hypotheses, there is a homotopy γξ0 ⇒
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γξ1. Since the map γ 7→ Fθ(γ) is homotopy invariant for a flat G–connection θ
(cf. prop. 3.1.2), Fθ(γξ0) = Fθ(γξ1). By (3.3.1), (3.3.2) then holds. 
Suppose now that two distinct C–pointings pM0, pM1 of M are given. The
holonomies of two C–knot ξ0, ξ1 of respectively M0 and M1 which are freely
ambient isotopic (cf. def. 2.2.14), though not strictly equal, are related by a
simple G–conjugation.
Proposition 3.3.3 If ξ0, ξ1 are C–knots of M0 and M1, respectively, and ξ0, ξ1
are freely ambient isotopic, then
Fθ(ξ1) = Fθ(γ1)Fθ(ξ0)Fθ(γ1)
−1, (3.3.3)
where γ1 : pM0 → pM1 is a curve of M .
Proof. By prop. 2.2.3, under the stated hypotheses, there exist a curve γ1 :
pM0 → pM1 of M and a homotopy γξ0 ⇒ γ1
−1◦ ◦ γξ1 ◦ γ1. Again, as the map
γ 7→ Fθ(γ) is homotopy invariant for a flat G–connection θ (cf. prop. 3.1.2),
Fθ(γξ0) = Fθ(γ1
−1◦ ◦ γξ1 ◦ γ1) = Fθ(γ1)
−1Fθ(γξ1)Fθ(γ1), where (3.1.5), (3.1.6) have
been used. By (3.3.1), (3.3.3) then holds. 
Next, we allow the pointing of C to be changed. Suppose that two pointings
pC0, pC1 of C are given and that M is C–pointed by pM0, pM1. We denote
by Fθ0, Fθ1 the holonomy maps associated with the two pointings of C, that is
Fθ0(ξ) = Fθ(γ0ξ), Fθ1(ξ) = Fθ(γ1ξ) with ξ a free C0– and C1–knot, respectively,
in accordance with (3.3.1) (cf. subsect. 2.2).
Proposition 3.3.4 If ξ is both a C0–knot of M0 and a C1–knot of M1, then
Fθ1(ξ) = Fθ(γ1)Fθ0(ξ)Fθ(γ1)
−1, (3.3.4)
where γ1 : pM0 → pM1 is a curve of M with image lying in that of ξ.
Proof. By prop. 2.2.4, under the hypotheses, there are a curve γ1 : pM0 → pM1
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of Mand a thin homotopy γ0ξ ⇒ γ1
−1◦ ◦ γ1ξ ◦ γ1, both with image contained
in that of ξ. Again, since the map γ 7→ Fθ(γ) is homotopy invariant for a flat
G–connection θ, Fθ(γ0ξ) = Fθ(γ1)
−1Fθ(γξ1)Fθ(γ1), by a calculation similar to that
done to prove (3.3.3). By (3.3.1), (3.3.4) then follows readily. 
Knot holonomy ξ 7→ Fθ(ξ) depends on the flat G–connection θ used in a gauge
covariant manner (cf. def. 3.2.2, eq. (3.2.1)). Let again M be C–pointed by pM .
Proposition 3.3.5 Let ξ be a C–knot of M . Then, for any G–gauge transfor-
mation g, then one has
Fgθ(ξ) = g(pM)Fθ(ξ)g(pM)
−1. (3.3.5)
Proof. If p is a point and γ : p → p is a closed curve based at p, then one
has Fgθ(γ) = g(p)Fθ(γ)g(p)
−1, by (3.2.2). Then, on account of (3.3.1) and the
fact that γξ : pM → pM , we have Fgθ(γξ) = g(pM)Fθ(γξ)g(pM)
−1. (3.3.5) follows
immediately from this relation and (3.3.1). 
We consider next surface knot holonomy in a strict higher gauge theory with
gauge Lie crossed module (G,H) on a manifold M . Let S be a compact closed
differentiable surface with a choice of marking (cf. def. 2.2.20). Recall that with
any S–surface knot Ξ and its 2ℓS characteristic C–knots ζSi
∗Ξ (cf. defs. 2.2.21,
2.2.23), there are associated the normalized surface Σ♯Ξ : ιpM ⇒ ιpM and the
curves γζSi∗Ξ : pM → pM via eqs. (2.2.35), (2.2.37) and (2.2.39). Recall also that
the definition of Σ♯Ξ involves the fixing of a concomitant reference S–surface knot
ΞMΞ (cf. def. 2.2.40).
Definition 3.3.2 Let (θ, Υ ) be a flat (G,H)–2–connection doublet on M . For
any free S–surface knot Ξ of M , the 2–holonomy of Ξ is the element Fθ,Υ (Ξ)
∈ H defined by
Fθ,Υ (Ξ) = Fθ,Υ (Σ
♯
Ξ) (3.3.6)
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and the 1–holonomies of the characteristic C–knots ζSi
∗Ξ of Ξ are the 2ℓS ele-
ments Fθ(ζSi
∗Ξ) ∈ G defined by
Fθ(ζSi
∗Ξ) = Fθ(γζSi∗Ξ). (3.3.7)
We note that, by (2.2.37) and (3.1.14), (3.1.15),
Fθ,Υ (Ξ) = Fθ,Υ (ΣMΞ)
−1Fθ,Υ (ΣΞ), (3.3.8)
where ΣMΞ = ΣΞMΞ . The datum required by the construction of the above knot
holonomies is thus a flat (G,H)–2–connection doublet (θ, Υ ) onM (cf. def. 3.1.3,
eq. (3.1.9)), which we fix once and for all.
Proposition 3.3.6 For any S–surface knot Ξ of M , we have
t(Fθ,Υ (Ξ)) = 1H . (3.3.9)
Non trivial 2–holonomy is thus possible only if the kernel of t is non trivial.
Proof. If p is a point, γ : p→ p is a closed curve based at p and and Σ : γ ⇒ γ is a
closed surface based at γ, then, by (3.1.12), Fθ(γ) = t(Fθ,Υ (Σ))Fθ(γ). It follows
that t(Fθ,Υ (Σ)) = 1H . By (3.3.6), applying this result to the closed surface
Σ♯Ξ : ιpM ⇒ ιpM , we find t(Fθ,Υ (Σ
♯
Ξ)) = 1H . (3.3.9) follows now immediately
from (3.3.6). 
The construction of the normalized surface surface Σ♯Ξ of a free S–surface
knot Ξ according to (2.2.35), (2.2.37) and the curves γζSi∗Ξ according to (2.2.39)
involves a choice of a compatible curve γC of C and a compatible surface ΣS :
ιpS ⇒ τS of S (cf. def. 2.2.31) congruent with it (cf. def. 2.2.32). The values
Fθ,Υ (Ξ) and Fθ(ζSi
∗Ξ) of the 2–holonomy of Ξ and the 1–holonomies of the ζSi
∗Ξ
are however independent from the choices made.
Proposition 3.3.7 Surface knot holonomy is independent from the choice of the
compatible curve γC and surface ΣS congruent with it.
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Proof. By virtue of prop. 2.2.6, the normalized surface Σ♯Ξ of a free S–surface
knot Ξ does not depend on the congruent choice of γC and ΣS up to thin ho-
motopy. Since the map Σ 7→ Fθ,Υ (Σ) is thin homotopy invariant for a (G,H)–
2–connection doublet (θ, Υ ) (cf. prop. 3.1.5), Fθ,Υ (Σ
♯
Ξ) does not depend on the
congruent choice of γC and ΣS. Reasoning as in the proof of prop. 3.3.1, one
finds that Fθ(γζSi∗Ξ) does not depend on the choice of γC The statement follows
now readily from (3.3.6) and (3.3.7). 
As for ordinary knots, in order the definition of surface knot holonomy that we
have given to be topologically meaningful, the 2–holonomies of ambient isotopic
free S–surface knots (cf. def. (2.2.22)) as well as the 1–holonomies of their
attached characteristic C–knots should be equivalent in a suitable sense. Further,
the 2–holonomy of a given S–surface knot corresponding to ambient isotopic
choices of the concomitant reference S–surface knots (cf. def. 2.2.40) should
also be equivalent in the same sense. As we are going to show below, all these
holonomies are equivalent modulo the appropriate form of (G,H)–crossed module
conjugation.
To study this matter, we first assign a S–marking {pM , ζMi} to M (cf. def.
2.2.24) and restrict ourselves to S–surface knots of M (cf. def. 2.2.28, eqs.
(2.2.26)). Recall that S–surface knot ambient isotopy is S–marking preserving
(cf. def. 2.2.30).
Suppose that we are given two choices ΞM0, ΞM1 of the reference S–surface
knot. For any S–surface knot Ξ , we let Fθ,Υ (Ξ|0) = Fθ,Υ (Σ
♯
Ξ|0), Fθ,Υ (Ξ|1) =
Fθ,Υ (Σ
♯
Ξ|1) be the corresponding 2–holonomies of Ξ constructed according to
(3.3.6) (cf. subsect. 2.2).
Proposition 3.3.8 If the reference S–surface knots ΞM0, ΞM1 are ambient iso-
topic, then for any S–surface knot Ξ
Fθ,Υ (Ξ|1) = Fθ,Υ (Ξ|0). (3.3.10)
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Proof. Under the above hypothesis, for every S–surface knot Ξ there is a ho-
motopy HM
♯ : Σ♯Ξ|0 ⇛ Σ
♯
Ξ|1 (cf. prop. 2.2.7). Since the map Σ → Fθ,Υ (Σ)
is homotopy invariant for a flat (G,H)–2–connection doublet (θ, Υ ) (cf. prop.
3.1.5), Fθ,Υ (Σ
♯
Ξ|0) = Fθ,Υ (Σ
♯
Ξ|1). From (3.3.6), the statement then follows. 
Proposition 3.3.9 If Ξ0, Ξ1 are S–surface knots of M and Ξ0, Ξ1 are ambient
isotopic, then one has
Fθ,Υ (Ξ1) = Fθ,Υ (Ξ0) (3.3.11)
and likewise
Fθ(ζSi
∗Ξ1) = Fθ(ζSi
∗Ξ0). (3.3.12)
Proof. By prop. 2.2.8, under the stated hypotheses, there is a homotopy Σ♯Ξ0 ⇛
Σ♯Ξ1. Again, as the map Σ → Fθ,Υ (Σ) is homotopy invariant for a flat (G,H)–
2–connection doublet (θ, Υ ) (cf. prop. 3.1.5), Fθ,Υ (Σ
♯
Ξ0) = Fθ,Υ (Σ
♯
Ξ1). From
(3.3.6), (3.3.11) follows.
By prop. 2.2.10, under the same hypotheses, γζSi∗Ξ1 = γζSi∗Ξ0, so that
Fθ(γζSi∗Ξ1) = Fθ(γζSi∗Ξ0). From (3.3.7), (3.3.12) also follows. 
Suppose now that two distinct S–markings {pM0, ζM0i}, {pM1, ζM1i} of M are
given. The 2 holonomies of two S–surface knots Ξ0, Ξ1 of respectivelyM0 andM1
which are freely ambient isotopic (cf. def. 2.2.14) as well as the 1–holonomies of
their attached characteristic C–knots ζSi
∗Ξ0, ζSi
∗Ξ1, though different in general,
are related by a form of (G,H)–conjugation. We remind the reader the notion of
concordance introduced in def. 2.2.39.
Proposition 3.3.10 Assume that the reference S–surface knots ΞM0, ΞM1 of
M0. M1, respectively, are freely ambient isotopic. If Ξ0, Ξ1 are S–surface knots
ofM0. M1, respectively, and Ξ0, Ξ1 are freely ambient isotopic through an isotopy
concordant with that of ΞM0, ΞM1 on {pM0, ζM0i}, then there are a curve γ1 :
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pM0 → pM1 and 2ℓS surfaces Σi : γζSi∗Ξ0 ⇒ γ1
−1◦ ◦ γζSi∗Ξ1 ◦ γ1, of M such that
Fθ,Υ (Ξ1) = m(Fθ(γ1))(Fθ,Υ (Ξ0)) (3.3.13)
and similarly that
Fθ(ζSi
∗Ξ1) = Fθ(γ1)t(Fθ,Υ (Σi))Fθ(ζSi
∗Ξ0)Fθ(γ1)
−1. (3.3.14)
Proof. According to prop. 2.2.11, under the above hypotheses, there exists a
curve γ1 : pM0 → pM1 and a homotopy Σ
♯
Ξ0 ⇛ Iγ1
−1◦ ◦ Σ♯Ξ1 ◦ Iγ1 . Again, by
the homotopy invariance of the map Σ → Fθ,Υ (Σ) for a flat (G,H)–2–connection
doublet (θ, Υ ) (cf. prop. 3.1.5), we have
Fθ,Υ (Σ
♯
Ξ0) = Fθ,Υ (Iγ1
−1◦ ◦Σ♯Ξ1 ◦ Iγ1)
= m(Fθ(γ1)
−1)
(
Fθ,Υ (Iγ1)
−1Fθ,Υ (Σ
♯
Ξ1)m(Fθ(ιpM1))(Fθ,Υ (Iγ1))
)
= m(Fθ(γ1)
−1)(Fθ,Υ (Σ
♯
Ξ1)),
where (3.1.4), (3.1.5), (3.1.13), (3.1.16), (3.1.17) have been used. By (3.3.6), this
relation is equivalent to (3.3.13).
According to prop. 2.2.12, under the same hypotheses, for each i there exists
a homotopy γζSi∗Ξ0 ⇒ γ1
−1◦ ◦ γζSi∗Ξ1 ◦ γ1, which we presently view as a surface
Σi with the same source and target curves, γ1 being the same curve as the one
featured above. Again, by the homotopy invariance of the map γ → Fθ(γ) for a
flat (G,H)–2–connection doublet (θ, Υ ) (cf. prop. 3.1.5), we have
t(Fθ,Υ (Σi))Fθ(γζSi∗Ξ0) = Fθ(γ1
−1◦ ◦ γζSi∗Ξ1 ◦ γ1)
= Fθ(γ1)
−1Fθ(γζSi∗Ξ1)Fθ(γ1),
where (3.1.5), (3.1.6) have been used. Using (3.3.7), this relation immediately
reduces to (3.3.14). 
Next, we allow the marking of S to be changed. Suppose that two markings
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{pS0, ζS0i}, {pS1, ζS1i} of S with the same underlying C–pointing pC are given and
that M is S–marked by {pM0, ζM0i}, {pM1, ζM1i}. We denote by Fθ,Υ0, Fθ,Υ1 and
Fθ0, Fθ1 the 2– and 1–holonomy maps associated with the two markings of S, that
is Fθ,Υ0(Ξ) = Fθ(Σ
♯
0Ξ), Fθ,Υ1(Ξ) = Fθ(Σ
♯
1Ξ) and Fθ0(ζS0i
∗Ξ) = Fθ(γ0ζS0i∗Ξ),
Fθ1(ζS1i
∗Ξ) = Fθ(γ1ζS1i∗Ξ) with Ξ a free S0– and S1–surface knot, respectively,
in accordance with (3.3.6), (3.3.7) (cf. subsect. 2.2).
Proposition 3.3.11 Suppose that the reference S0–surface knot ΞM0 of M0 and
S1–surface knot ΞM1 of M1 are both equal to a simultaneous S0– and S1 surface
knot ΞM of M0 and M1 perhaps up to S0– and S1–marking preserving ambient
isotopy, respectively. Let Ξ be a simultaneous S0– and S1–surface knot of M0 and
M1, respectively, having the following properties: Ξ ◦ kz(pS0) = ΞM ◦ kz(pS0) and
Ξ ◦kz ◦ζS0i = ΞM ◦kz ◦ζS0i for all z, where kz is an orientation preserving isotopy
with the properties stated in lemma 2.2.1. Then, there are a curve γ1 : pM0 → pM1
and 2ℓS surfaces Σi : γ0ζS0i∗Ξ ⇒ γ1
−1◦ ◦ γ1ζS1i∗Ξ1 ◦ γ1, of M all with image lying
in that of Ξ such that
Fθ,Υ1(Ξ) = m(Fθ(γ1))(Fθ,Υ0(Ξ)) (3.3.15)
and similarly that
Fθ1(ζS1i
∗Ξ) = Fθ(γ1)t(Fθ,Υ (Σi))Fθ0(ζS0i
∗Ξ)Fθ(γ1)
−1. (3.3.16)
Proof. By prop. 2.2.13, under the above hypotheses, there exist a curve γ1 :
pM0 → pM1 and a thin homotopy Σ
♯
0Ξ ⇛ Iγ1
−1◦ ◦ Σ♯1Ξ ◦ Iγ1 , both with image
contained in that of Ξ . Using once more the homotopy invariance of the map
Σ → Fθ,Υ (Σ) for a flat (G,H)–2–connection doublet (θ, Υ ) (cf. prop. 3.1.5), by a
calculation similar to that carried out to prove (3.3.13), we find that Fθ,Υ (Σ
♯
0Ξ) =
m(Fθ(γ1)
−1)(Fθ,Υ (Σ
♯
1Ξ)). By (3.3.6), this relation is equivalent to (3.3.15).
According to prop. 2.2.14, under the same hypotheses, there exist 2ℓS homo-
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topies γ0ζS0i∗Ξ ⇒ γ1
−1◦ ◦ γ1ζS1i∗Ξ1 ◦ γ1 with image contained in that of Ξ , which
we now view as surfaces Σi with the same source and target curves, γ1 being the
same curve as the one described above. Exploiting again the homotopy invariance
of the map γ → Fθ(γ) for a flat (G,H)–2–connection doublet (θ, Υ ) (cf. prop.
3.1.5), by a calculation similar to that worked out to show (3.3.14), we find that
t(Fθ,Υ (Σi))Fθ(γ0ζS0i∗Ξ) = Fθ(γ1)
−1Fθ(γ1ζS1i∗Ξ1)Fθ(γ1). Using (3.3.7), this relation
immediately reduces to (3.3.16). 
As in the case of ordinary knots, surface knot holonomy ξ 7→ Fθ(ξ) depends
on the flat (G,H)–2–connection doublet (θ, Υ ) used in a gauge covariant manner
(cf. def. 3.2.4, eqs. (3.2.3)). Let again M be S–marked by {pM , ζMi}.
Proposition 3.3.12 Let Ξ be an S–surface knot of M . Then, for any (G,H)–
1–gauge transformation (g, J), one has
Fg,Jθ,g,JΥ (Ξ) = m(g(pM))(Fθ,Υ (Ξ)) (3.3.17)
and correspondingly that
Fg,Jθ(ζSi
∗Ξ) = g(pM)t(Gg,J ;θ(ζSi
∗Ξ))Fθ(ζSi
∗Ξ)g(pM)
−1, (3.3.18)
where the gauge 1–holonomies Gg,J ;θ(ζSi
∗Ξ)) are given by
Gg,J ;θ(ζSi
∗Ξ) = Gg,J ;θ(γζSi∗Ξ). (3.3.19)
Proof. If p is a point, γ : p → p is a closed curve based at p and Σ : γ ⇒ γ
is a closed surface based at γ, then Fg,Jθ,g,JΥ (Σ) = m
(
g(p)t(Gg,J ;θ(γ))
)
(Fθ,Υ (Σ)),
by (3.2.7). Then, by virtue the fact that ιpM : pM → pM and Σ
♯
Ξ : ιpM ⇒ ιpM ,
we obtain that Fg,Jθ,g,JΥ (Σ
♯
Ξ) = m
(
g(pM)t(Gg,J ;θ(ιpM ))
)
(Fθ,Υ (Σ
♯
Ξ)). Using the
property that Gg,J ;θ(ιpM ) = 1H following immediately from def. 3.2.5, eqs.
(3.2.4), (3.2.5), and the fact that rank(dιpM (x)) = 0, we find so Fg,Jθ,g,JΥ (Σ
♯
Ξ) =
m(g(pM))(Fθ,Υ (Σ
♯
Ξ)). Recalling (3.3.6), we reach (3.3.17).
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If p is a point and γ : p → p is a closed curve based at p, then Fg,Jθ(γ) =
g(p)t(Gg,J ;θ(γ))Fθ(γ)g(p)
−1, by (3.2.6). Then, by (3.3.7) and the fact that γζSi∗Ξ :
pM → pM , we have Fg,Jθ(γζSi∗Ξ) = g(pM)t(Gg,J ;θ(γζSi∗Ξ))Fθ(γζSi∗Ξ)g(pM)
−1. Re-
calling (3.3.7) and using the notation (3.3.19), we reach (3.3.18). 
The gauge 1–holonomies of the characteristic C–knots of two freely ambient
isotopic S–surface knots are related in a computable way.
Proposition 3.3.13 Under the same hypotheses and with the same specifications
of prop. 3.3.10, the gauge 1–holonomies Gg,J ;θ(ζSi
∗Ξ0), Gg,J ;θ(ζSi
∗Ξ1) are related
as follows,
Gg,J ;θ(ζSi
∗Ξ1) = Gg,J ;θ(γ1)m(Fθ(γ1))
(
m(g(pM0)
−1)(Fg,Jθ,g,JΥ (Σi)) (3.3.20)
×Gg,J ;θ(ζSi
∗Ξ0)m
(
Fθ(ζSi
∗Ξ0)Fθ(γ1)
−1
)
(Gg,J ;θ(γ1)
−1)Fθ,Υ (Σi)
−1
)
.
Proof. As shown in the proof of prop. 3.3.10 based on prop. 2.2.12, for each i
there exists a surface Σi : γζSi∗Ξ0 ⇒ γ1
−1◦ ◦ γζSi∗Ξ1 ◦ γ1. Using (3.2.7), we have
Gg,J ;θ(γ1
−1◦ ◦ γζSi∗Ξ1 ◦ γ1) (3.3.21)
= m(g(pM0)
−1)(Fg,Jθ,g,JΥ (Σi))Gg,J ;θ(γζSi∗Ξ0)Fθ,Υ (Σi)
−1.
From (3.1.5) and (3.2.9), (3.2.10), we find
Gg,J ;θ(γ1
−1◦ ◦ γζSi∗Ξ1 ◦ γ1) (3.3.22)
= m(Fθ(γ1)
−1)
(
Gg,J ;θ(γ1)
−1Gg,J ;θ(γζSi∗Ξ1)m(Fθ(γζSi∗Ξ1))(Gg,J ;θ(γ1))
)
.
Inserting (3.3.22) into (3.3.21), we get
Gg,J ;θ(γζSi∗Ξ1) = Gg,J ;θ(γ1)m(Fθ(γ1))
(
m(g(pM0)
−1)(Fg,Jθ,g,JΥ (Σi)) (3.3.23)
×Gg,J ;θ(γζSi∗Ξ0)Fθ,Υ (Σi)
−1
)
m(Fθ(γζSi∗Ξ1))(Gg,J ;θ(γ1)
−1).
The last factor in the right hand side of (3.3.23) can be reshaped using the
calculation of the proof of prop. 3.3.10,
m(Fθ(γζSi∗Ξ1))(Gg,J ;θ(γ1)
−1) (3.3.24)
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= m
(
Fθ(γ1)t(Fθ,Υ (Σi))Fθ(γζSi∗Ξ0)Fθ(γ1)
−1
)
(Gg,J ;θ(γ1)
−1)
= m(Fθ(γ1))
(
Fθ,Υ (Σi)m
(
Fθ(γζSi∗Ξ0)Fθ(γ1)
−1
)
(Gg,J ;θ(γ1)
−1)Fθ,Υ (Σi)
−1
)
.
Substituting (3.3.24) into (3.3.23) and using (3.3.7) and (3.3.19), we reach imme-
diately (3.3.20). 
The gauge 1–holonomies of the characteristic C–knots of an S–surface knot
with respect two marking of S are also related in a computable way Below, we de-
note by Gg,J ;θ0, Gg,J ;θ1 the gauge 1–holonomy maps associated with the two mark-
ings, that is Gg,J ;θ0(ζS0i
∗Ξ) = Gg,J ;θ(γ0ζS0i∗Ξ), Gg,J ;θ1(ζS1i
∗Ξ) = Gg,J ;θ(γ1ζS1i∗Ξ)
with Ξ a free S0– and S1–surface knot, respectively, in accordance with (3.3.19).
Proposition 3.3.14 Under the same hypotheses and with the same specifica-
tions of prop. 3.3.11, the gauge 1–holonomies Gg,J ;θ1(ζS0i
∗Ξ), Gg,J ;θ1(ζS1i
∗Ξ) are
related as
Gg,J ;θ1(ζS1i
∗Ξ) = Gg,J ;θ(γ1)m(Fθ(γ1))
(
m(g(pM0)
−1)(Fg,Jθ,g,JΥ (Σi)) (3.3.25)
×Gg,J ;θ0(ζS0i
∗Ξ)m
(
Fθ0(ζS0i
∗Ξ)Fθ(γ1)
−1
)
(Gg,J ;θ(γ1)
−1)Fθ,Υ (Σi)
−1
)
.
Proof. The proof proceeds by a reasoning and calculations essentially identical
to those of prop. 3.3.13. 
We now analyse the effect of source autodiffeomorphism action on holonomy.
We consider first an ordinary gauge theory with gauge Lie group G on a
manifold M with a flat G–connection θ.
Proposition 3.3.15 Let ξ be a free C–knot and let f be an orientation preserving
autodiffeomorphisms of C. Then,
Fθ(f
∗ξ) = Fθ(γf)Fθ(ξ)Fθ(γf)
−1, (3.3.26)
where γf : ξ(pC)→ f
∗ξ(pC) is a curve of M whose image lies in that of ξ.
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Proof. By prop. 2.3.3, under the above hypotheses, there are a curve γf : ξ(pC)→
f ∗ξ(pC) and a thin homotopy γξ ⇒ γf
−1◦ ◦ γf∗ξ ◦ γf , both with image contained
in that of ξ. The statement then follows from a reasoning analogous to that of
the proof of prop. 3.3.3. 
We consider next a strict higher gauge theory with gauge Lie crossed module
(G,H) on a manifold M with a flat (G,H)–2–connection doublet (θ, Υ ).
Proposition 3.3.16 Let Ξ be a free S–surface knot and let f0, f1 be isotopic
orientation preserving autodiffeomorphisms of S. Suppose that the concomitant
reference S–surface knots ΞMf0∗Ξ , ΞMf1∗Ξ of f0
∗Ξ, f1
∗Ξ are f0
∗ΞMΞ , f1
∗ΞMΞ ,
respectively, where ΞMΞ is the concomitant reference S–surface knot of Ξ. Sup-
pose further that the free ambient isotopies relating f0
∗Ξ, f1
∗Ξ and f0
∗ΞMΞ ,
f1
∗ΞMΞ according to prop. 2.3.5 are concordant on the S–marking {f0
∗Ξ(pS),
ζSi
∗f0
∗Ξ} of M . Then, there are a curve γf0f1 : f0
∗Ξ(pS) → f1
∗Ξ(pS) of M
and 2ℓS surfaces Σf0f1i : γζSi∗f0∗Ξ ⇒ γf0f1
−1◦ ◦ γζSi∗f1∗Ξ ◦ γf0f1, all with image is
contained in that of Ξ such that
Fθ,Υ (f1
∗Ξ) = m(Fθ(γf0f1))(Fθ,Υ (f0
∗Ξ)) (3.3.27)
and similarly that
Fθ(ζSi
∗f1
∗Ξ) = Fθ(γf0f1)t(Fθ,Υ (Σf0f1i))Fθ(ζSi
∗f0
∗Ξ)Fθ(γf0f1)
−1. (3.3.28)
Proof. By prop. 2.3.6, under the above hypotheses, there are a curve γf0f1 :
f0
∗Ξ(pS) → f1
∗Ξ(pS) of M and a thin homotopy Σ
♯
f0∗Ξ ⇛ Iγf0f1
−1◦ ◦ Σ♯f1∗Ξ ◦
Iγf0f1 , both with image lying in that of Ξ . Using once more the homotopy in-
variance of the map Σ → Fθ,Υ (Σ) for a flat (G,H)–2–connection doublet (θ, Υ )
(cf. prop. 3.1.5), by a calculation similar to that carried out to prove (3.3.13), we
find that Fθ,Υ (Σ
♯
f0∗Ξ) = m(Fθ(γf0f1)
−1)(Fθ,Υ (Σ
♯
f1∗Ξ)). By (3.3.6), this relation
is equivalent to (3.3.27).
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According to prop. 2.3.7, under the same hypotheses, there exist 2ℓS homo-
topies γζSi∗f0∗Ξ ⇒ γf0f1
−1◦ ◦ γζSi∗f1∗Ξ ◦ γf0f1 with image contained in that of Ξ ,
which we now view as surfaces Σf0f1i with the same source and target curves, γf0f1
being the same curve as the one described above. Exploiting again the homotopy
invariance of the map γ → Fθ(γ) for a flat (G,H)–2–connection doublet (θ, Υ )
(cf. prop. 3.1.5), by a calculation similar to that worked out to show (3.3.14), we
find that t(Fθ,Υ (Σf0f1i))Fθ(γζSi∗f0∗Ξ) = Fθ(γf0f1)
−1Fθ(γζSi∗f1∗Ξ)Fθ(γf0f1). Using
(3.3.7), this relation immediately reduces to (3.3.28). 
Proposition 3.3.17 Under the same hypotheses of prop. 3.3.16, one has
Gg,J ;θ(ζSi
∗f1
∗Ξ) = Gg,J ;θ(γf0f1)m(Fθ(γf0f1))
(
(3.3.29)
m(g(f0
∗Ξ(pS))
−1)(Fg,Jθ,g,JΥ (Σf0f1i))Gg,J ;θ(ζSi
∗f0
∗Ξ)
×m
(
Fθ(ζSi
∗f0
∗Ξ)Fθ(γf0f1)
−1
)
(Gg,J ;θ(γf0f1)
−1)Fθ,Υ (Σf0f1i)
−1
)
.
Proof. This follows from a calculation analogous to that leading (3.3.20) using
the homotopies γζSi∗f0∗Ξ ⇒ γf0f1
−1◦ ◦ γζSi∗f1∗Ξ ◦ γf0f1 discussed in the proof of
(3.3.28) above. 
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